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RATIONALE 

Much of the world of mathematics Is r. world 
of miMbers, an*j in order to work with numbers 

« 

cffccti ws must kma Uiq rules that govcim 

thijlr use You already hr.ve had a good doal of 
3xpi?rience with the basic rules of algchraj In 
fact, you ars probably so familiar with them that 
you apply them mechanically without th^r.kinn a^o'it 
them. For ';his reason o ws are noinn to uso the 
rules of algebra in an unfamiliar settlnci, are 
going to use these rules to solve equations invol- 
ving absolute values and also inequalities. Thor 
we ere going to undergo a thnrouch review of thr: 
Law?, of Exp-nents and radicals. Finally wo --^ro 
goinc! to study a set cf numbers that r.l ii? f^- 
detcrni-'ne the solution set of ths role.tlvoij' slmr^: 
enuatirn x.^- + I ~ o.- the set Cnmpl^x r-um^o-s , 



?'IMB?i(^l.. OBJECTIVES; 

By the completion of P^Q proscribed course of study, you wl'l 
be able to: 

1. Answer questions and/or solve pi^lems relatlnn to the definition 
of the absolute value of a real number and the follnwlng properties 
of the absolute value Given: a,b, are real numbers t 

a) ha| = |a| d) |ab| = |ai|h| 

b) |a| -0. a + 0 e) In! = lai 

c) iO| = 0 



f) la^l = a2 



2. Determine the solution set of a given inequality when the inequality is 

a) a linfjar inequality 

b) a fractional inequality 

c) a second or third degree "'nequality 

d) an Inequality involving absolute values 



RESOURCES I 

I. Readings: 

1. White: # 1 ; i 2 p. K7 

2. Rees: it 1 p. 14; ,i Z pps, 75..76, SO-ri', c)^*-?.]') 

3. Vance: 1 nps. 76-77; i 2 pps. 184-1.^3 

4. Fisher: it ' pps. Z'^^-Z^'-, if 2 p^s. r.Z-y. 

5. Dolciani: if Ip. gr.: 2 pps. B'^-fiB. F'-^.9 
II. Problems: 

1. Vlhite: # 1 , if ? pps. 108-ir? e-s- ACA-IG), 

Z. R??55: if ] \ ir 2 p. 7/ cxs- 'odd ; , p; i . 

exs- 1--20 (r-!d n-jmhe.^s) , tllP nxs. 1 r"'''' •"•."rr ^r^". 

3. Vance: fi* 1 od-j. 77 ^''^ cvs. n. .^xs. T./ M-'-u 



Answer tho fonowing truG or falsf?. Given i -a, b are real numherst 

b) |a + b| « |al -i. jbj d) |ai » , a if ^ 

Solve the following for all values of x: 

a) lex 3i = 6 c) i5 3x1 = n 

b) |4 - 6x1 -4 d) ix 1i = 1 - X 
Dste-jTnine the solution sets for x in the ^oncwinn; 

a) • 3 >2 d) x2 +Gx> -5 

b) 2 6x>. 8 e) x ? < 0 

c) |3x - G|.^ 3 

f } x3 + + xr^ 0 



If you have mastered t!i2 P'sh^.v'orci ' Objective?, tjks w 



SECTION 11 

BEHAVIOML OBJECTIVES: BEST COPY flVfllUBlE 

By the completion of the prescribed course of study, you will 
be able to: 

3. Demonstrate your understanding of the following laws of positive 
integral exponents by solving problems and/or simplifying * expres- 
sions relating to them. Given- a,b are real numbers and m and 

n are positive integers: 

a) a - ai .e) a'" . 1 , m< n 

a" Sm-n 

b) a^" . a * " f ) a° = 1 . a f 0 

c) (ab)" = aV- g).ax" .a" , b +-o 

W ■ B" 

d) a"' ^ a , m ^n h) (a"T = a'"'^ 
a" 

4. Simplify * any expression containinq positive and negative integra*' 
exponents and write the expression without neqative exponents usinq 
the iaws in Objective 1 and the law " 

a - 'f 
at 

F. Demonstrate your understanding of the symbol ^a by being able to 
determine the principal k th. root of a. 

6. Simplify an expression written with a fractional exponent by using 

7. Write any nxpression written with a fractional exponent in radical 
form and vice-versa. 

8. Demonstrate that you understand the laws of inlearal exponents alsn 
hold for fractional exponents bv simplifyina * exoressions that have 
fractional exponents using the laws of o^noneits from Objective 3. 

9. Use the law ^ab = h h' to: 

a) remove rational factors from the radicand 

b) Simplify * expressions ir.volving products of radicals of the 
samcr order 

c) insert rational factorr, into t'le r^i:rf>nrj 
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Section II (contO 



^10. Use th2 law 21... to; 

a) Simplify * expressions involving quotients of radicals of the 
same order 

b) rationalize a rtionomial denominator of a quotient 

n. Usethelaw!^' ^yr^ to change the order of a given radical. 

12. Determine the sum or difference of a given set of radicals. 

13, Rationalize the denominator of an expression wfien the denominator 
is a binomial , 

* Note: To simpjjfx -^n exponential expression or a radical is to write 
the expression that: 

a) each exponent is v/ritte;'^ as a posUive exponent 

b) no real number Is written in exponential notation 

c) each exponent of the radicand is a natural number less than 
the index 

d) there is no radical in the denominator 

e) there a>"£ no unnecessary parenthesis 



n-^sn: incFS n BEST COPy flVfllUBLE 

1. •■'hitc^: 3. 4 p^.. 3-/'.; 5 ; 6 - pns, IS-P, 

. 2. Ro'^s: 3 P'^s. Or.-T^ri; 4 HPS. 101-10?^; i*/ 5 - 1} H pps. 106- 
109; # 0 nns. 110-111; if 10 pps. 111-112; i-/ 11 [v n?2; # 12 
p. 114; ^} 13. n. HP 

3. V'-^.ncf^: ^ 3, 4 p. 59; # 5 - # 8 pns. r^^-f^^ : ^ - l'^ ^ps- rvl-fvl, 
65".'^'^., 11 ; # 12 p. 64s # 13 p. Tf- 

4. Fishrr* 3, 4 pps- 32.-35; :^ ; 11 : # 12 ; 

■f' f> " T^, 13 pps. 35-3? "*""" " • 

II. ProbloTis: * 

1. l/hite: 4' 3, 4 n. 5 cxs. 1-26 (even iTj:nI>:rs) ; 5 : v - 

# 13 p. 0 Gxs. A(l-.?0) 

Ro'^s: # 3 pps. 100-101 exs. 1-44 (even nun^bsrs) ; #4 pp?, ICP- 
106 rxs. 1-44 l'o\":n nunihors) ; /• 5 - iv B i^vs. l-.?4 (cvp>n n-jTibor?); 

# 9 - li pps. 112-114 rvs. l-r/s fovcn n••^^?rs); 12 - 13 
pps. 115-116 c;cs. 1-40 (even numhcrs) 

Vance: # 3, 4 p. <"^0 exs. 1-12; # 5 - # 8 pns. 61-62 exs. 1-28; 

# 9 - # 10 exs. 1-30 (even numbers), p. 66 exs. 1-24; # 11 ; 

# 12 pps. 64-65 exs. 1-20 ; # 13 p. 67 exs. 25-41 

Fisher- ft» 3, 4 pps. 35-36 exs. 1-4; #5 ; # 11 ; # 12 ; 

# 5 - # 10, jJf 13 pps, 39-40 exs. 1,3-6 



2. 

3. 
4. 
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. SELF EVALUATION II 
1. Simplify the following exprssslons: ^Opy 



0 



b) (3' a5 c )2 d) f3x?y"^23)3 



2. Write the following without using exponents or radicals: 



a) (0,81)"^ c) (0.001)' c) 727xSyi2 23 



b) ("32)5 y(54j5 f)v'9xiy2zio 

/ 25x3F^z"'+ 

3. Simplify the following f.xpress"'ng your answer with rational exponents: 
a) /xy^ ' /^y • /x^' b)/;^f£3r 

/a-^b-^cs 

4. Simplify th3 fell owing' 

a) (3 x"" r z ) (3 x2 y z ) 

b) i6 a' b c)/a3^'5 V- 

32' a ^ b i / 

N 

5. a) Simplify the followinq by rcmov^'ng rational factors from the 

radicand where possib^G 



IC.Z 



1) 3} v/98 x^y.'^ 

b) In each cf the folloK'Tng ^rsert the rfition-'."' factor into the radicand 
6. Express each of the f"1i;'w1nr; a -^ir-.f,-. ^adica! -ird s-'mplify: 



JjBELF EVALUATION II (cont.) 
/ 

7. Reduce the order of the following and simplify: 

3. Make all combinations that are possible in the following by symplifying 

a) m- + /2r - /75 c) m' + . m 

^^/f" /U' ci) 3t2 /ia^W~+ 2m v^6m9ni6tii 



9. Rationalize th-:; d'^nnminators in tho followinfi 



a) /S's 
/ '2 y7'- 



c) 



o) 5x 



If you hr',V2 :'P.st:.rG:i tht 32havnral Oh-'-cLiv' 



s, '•'ik'} your ''nrji^'^.'s Tes' 



The integers a = 0 and b = 0 satisfy the coi'^tion ab a 
AfG thciro any others? 

Given K a-T^l y aro positive numbers » Show that i^'TT < + . 
Prove: If /u'Tc^nj/Tyi" + /(— c'F;."p'" . ?.prl a^ « b?- + c?-, 
the. = 1 . 

Is 6 the only vaTiifi of (y/ + 6x + gf'^ - (x2 6x + 9) Justify 
your answer. 



Rationalize the denominator in the fraction ^ 

5 - If 



i/-:r.TiOM III 

BEHAVIORAL OPJOTiyF.^.;^ " 

By the completion of the rrescribed courr? of study, you wl"'! 
be able to: " ' 

14. a) Define the set of complex numbers, 

b) Determine a relation between the set of complex numbers and 
the set of real numbers based on the definition given in part (a) 

^ c) Answer questions and/or solve problems relating to the definition 
^ given in part (a) 

15. Simplify oositive integral powers of th?. imaginary unit i. 

16. t:x press any complex number written in the form a + bi as an ordered' 
pair and vics-versa: 

17. Solve problems relating to the definition of equality of two 
complex numbers. 

18. Solve problems relating to the definition of the conjugate of a 
complex number. 

.19, Given an expression involving square roots of real numbers, write 

V-^-i expression in simplified form so that the radicand is a positive 
integer. 

20. Given a pair of complex numbers; 

a) compute their sum algebraically 

b) determine- the additive inverse of either 

c) compute their difference algebraically 
d} compute their product aigebra'cally 

e) deie-miine the mul fipl icative inverse either 

f) determine the^> quotient algebraically 

21. a) Gr^p'n any complex numto:" 

b) G'va a gTD7;Gt>-1c ' ;^ torpor tat^:::^. of the. Sum or d-'tfercnce o^ 
two comp"'ex nu^nh-ers.: ^ 

22. Solve problems re'!?tinq to the definition tha modu^'us nf a 
complex numbe:" . 



I. Rsadinao: 

m 

i . 
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# 10 p, 318; 19 _; r-20 pps, 316-317; # 21 ; # 22 

3. Vance; # 14 p. 163; # 15__ ; # 16 p. 163; ^17 ; # 18 

l^-'J 19 ; # 20 rps,lP3-lH; # 2^ n. 165r# 22 p. 166 

4. FTshor- # 14 pps. 180-181; # 15 ; # 16 ;# 17 p. 181; 

# '8 pps- 183-185; # 19_; ?^ 20 pp?. ISl-lSSTp. 185 #21"#22 
pps- lf5~187 

5. Dolciani # !4 p.. 266; # 'iS ^ 16 p= 256; # 17 p. 256; 

.^-of'' ' P.^"''- " pps. 256-257, pps, 259- 

6. White- ^ 14 PP3, 7f-77; # 15 pps. 7g„po; ?iJ 16 ; # 17 ; ' 

# i8 p SO; 1? p. 77: 20 pps. 77-78, pps, 80^; § ZV 
pps, 83-34, pps. 65-87; # 22 

II. PrOblsiRS! 

1. Vrinnatia; 14 p p.4 evs i-ig, #15 ; # 16 ; # 17 

^ IS ; # 19 ; # 20 pps. 24-25 exsTi?0-21 ; FT! p, 28 ' 

oxs.. 1,4,C; # 22 p. 23 exs. 2,3 (modulus only) 

^' Ml—-' ' ' ~ i ^ 17 P- 319 exs. 1-8; 

# 18 p, 32n exs. 40 52; #19 T# 20 p. 319 exs. 9-48 

(odd numbers;: # pi ; # 22 

3. Vance: m , ^ I'j p. i^C 2xs. 4-5; # 16 ; # 17 

. ^ 1- i * I'J ; ^ ?C p. 164 exs, l"4;'#irrno5. 16CT66 

exs. T9^?^', « :2 exs. 1 -6 



4, nshe- « ^5._; 16_; # 17 ; # 18 pps. 185- 
3%''^^.: Ill' ^^'/\p ^'^ 1^3 eJ^r 1,2.4— 186 exs, 

5. rolc-i'a^i- ^ 14 , .-^ 15 i # IS ; --^ 17 # -"B 

19 p. exf,-. n-'^, :<o p. 25r-xs. l.-6r21-24, p—263 
2xs. ,-3.. i:-;.'er nunirers;; ^ 21 ; ^ ?? p, 2^13 

^' ''^'t:G ^ 14 , ^15 , a ; * ^7 . 73 ; # 19 - # 20 



11 




ERIC 



SELF £VALi-rr;oN III S^ST COPY AyAiLABlI 

1. Stats which the to ; ! '"'inn 7 txr<^: coiiipl cx niiirho^^s: 

a) 5 /I) /TfJ- 

b) -61 e) 7i 

, , . f ) 3 i 

c) ( -4,-2) 

2. What is the identify element for muUiD!icatlon in the set of 
complex numjsrs? 

3. Simplify the following; * . .. . 

cj i^n+3 (n a, positive integer. 

4. Express th2 follcwin-j complex numbers as ordered pairs: 
^) 3 c] 5-3i 

b) d; 21.6 "'^ 

5. Find replacements of the variribles so that the followinq equations 
are true; 

a) 3 + xi = 2y - <:i c) (a, 9) = (11,5b) 

b) 7x + Kyi = i4i - 15 d) (3 + x, -4} = (5 + 2x. 8y) 

6. Prove th^ f.i: lowing If u Ji.d v are two complex numbers, 
then u + v" = u' + V 

7. Simplify the following; 

a) /rr08 f .':T92' ^ v-^-Ts b) /-lO - .-32 + 

8. Combine tho foliowin;; r?.-, :niic: tcvi : 

a) (]3 + 21) (6 ■ . J9 .61". • :.ii f 3^! 

b) [(3- + ( ^ 6'.'] [I'c'! + 5i) ^ '5 - 4^)1 

c) [i6 + 31^ ) - - 3i)'j r r(2i) f 

d) [73,-2; ' s, , r:-?,^]} 'A,..3r 

a) g.\'.|:h th'Bm cn a compl<:?y plf-'.no 

b) graph their con^uj:Uc 

c) de Carmine ther.' f-;.;u"i.:, 



SELF EVALUATION III (cont.) 

1)3 + 51 
4^ 2; 2- /:.Tr5* 
^ 3) (8.-6) . 



If you have masterGcl thc5 Behavioral Objectives, tskc your LAP Tfist, 
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ADVAMCFD STUDY II 

Ws say that the set of real numbers ordered 
since for any two raa"? nmtr.vs « and b we carj 
determine whethc^ a < b, a > b, or* a « b. Is 
the sat of ccinplex numbers ordered? Justify 
yowr answ2;v If your ;\nswer was no, try tn 
determine a my to set up an order relationship 
for the set cf crjmple:< nunhers. 

Suppose Zi and 2?. are two complex numbers such 
that 32j + = 3 - 6i and Sz^ SZg =31-5. 

')?t:'rm1nc c, valuci ^or Zj c'.nd z^. 

Let ?i and tz two complex nynhers th-^t riro 
net rea' . If 2^22 ^'^-^ j numbc-s, 
what can ycu say about and 2^? Justify your 
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BESl COPV ftVMLABlt 



Functions are one of tin. ,nost important mathematical 

tools we have. Th.y are used in Physics, Chemistry, and 

Biology. They are used in Statistics, all typos of 

engineering, and in computer programming. But they are 

not restricted to use in the sciences. Such diverse 

fxelds as Economics ami Music mak.^ extensive use of func« 
tions. 

In this UP you will analyze several different func- 
tions, study the relations between thiim, and some of 
their applied uses. 



SECTION I: r.ytj.^ial iMincMonK 

BEHAVIORAL nR.lcr.Tfw p^^. 

By the completion of the prescribed course of study, you will be able to: 

a. Define a t auction. 

b. Determine whether a given relation is a function. 
2. Determine the domain of any given function. 

^' variabL!^""^ ''"^ function (f). where a is any 

4. Sketch a graph of any given iunciion. 

5. Find the aeroos oi any aivtn Uuu.tion. 

6. a. State and prove ihv diwt.tnce lorr.uiJa. 

b. Apply the distaui^u tonm.i.i to iu.d the distance between 
any two given points. 

7. a. Define a direct variation relationship. 

b. Solve problems relating to direct variation. 

8. Define a linear function. 

o^iwrpo^j't': ^n'^i-heii;;::: ''^'^ ^'-'^'^ 

funcuon! ' ' lr.L.r..p..s of the c^^^ph of any linear 

11. De^ermine the oq..ation ot a line gi.v«n two points on the line 
or a point on th... Une and the slop, uf the line. 

12. a. Define ^n inver.sL- variation I'fl.it i nnship . 

t). Solve problems relating to inverse variation. 
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a* Define a funcuion? 

b. Determine whethuv the t'olio'.cini>'. relat. ioiis arc functions: 



<3) y > X +^ 5 

(4) t(K) » [ x] 

Find the dor<^ain of t^c fo]ioi/ir.<i functiuKS, 
a, f(x) - :< 

3x > 2 
(b) y - X + 5 

(C) f(K) - |x| 

;.s -• 9 

((}) y - 'x2*- 8l 

a. (I) Given t(x) - |xj Coni|>ur.- { (0) , t(-l), and f(-9) 

(2) Given f(x) - [v.] Coinpui.' Mi), 1(3'^), jnd fC-S^j) 

"X - 9 

(3) Given f(x) = x^:^.' ^ C.rr,.piifc f(0), and f(5) 

b. Given f (x) » [ x j , v;l.i.;:i .t Li:^- f" . I I nj. rt:!aLionH hold for f? 
(1) fc"(x^) " (t(x);' iJ) y) « i(x) + t(y) 

(3) f(4x) - 4f(:.;> 

Sketch a graph of thv fcLlowinw; r un> f. ! . ii.-. . 

(a) f(x) ^ [ X ; 

(b) f(x) Ixl 

(c) f(x) - 3x - : 

(d) i(x) " -2x t :> 

Find the zeroes t)f tlio iiijurjt:i.s .,r\i-, ii. tf •:(> i i-t; . 



(I) 



U3,l), (4,2), (4,3). (.'s.'Of 



(2) 



3i - 5 



. a. State and piov« the aistaiut; i..nutl.j. 

h, riml the distance bQU^eca uu.'. rnn..>;.;i,s« ju^lrs o£ points. 

1) (0,3) aou (-1,-2, 

2) (-2,-3) and (4,2) 

t. Ueteitiiine whether tht? points A(3,-2), B(-I,b) and 0(4.-3) are collinear. 
a. What does it mean to s^v > ii, ,\irvx.Lly in-^^poi-tiout-'d to x. 

i>. The poiiit (0,- '3; bokmgs t .> lUv gicph uf ih,.- oquatiou y =: f(x) 
and y is dijocMy juopoii :iona I iw { i.i.l Hu- lonnula for f(x). 

c. Given V is dirootlv proport. in,.il t., ami y ^ t(w). Does £ (.iHb) - 
tU) t(b) t..r any two numbers a an-l b. Justify your dnSwer. 

Ot»fin42 d nn^tir function? 



a. Find LUe iiiopt! the Un.j ^i-'t-i by ti)0 c-.^aation: 

1) t(K) « - 6 

2) y » 11:; 17 

b. tiad tho slope of tb-j lino pasyint; through tho given points. 

1) (-1,0) and a, 2) 

2) (4,3) and (1, -1) 

Find the- X and y Intercepts ot the graphs of the following functions: 

a. f(x) -3x - 2 

b. £'(;<) - -x f 7 



a. Find th. t.ciu.Ki..n of tb. inv. p...,.,^ through the points 
w, U and (-2,0) . 

b. Find the uquati.n lmc 1 u..- ■ uu; rh.c.u.h Lho r.,,iats C-l 4) 
with filope -'i. • • . / 



WhiJt does it iML-....: to .^-,y .•: nvvi-:, !-,- pr rtj-^Ml ^o 



a . 

■■- ^ ~ ■ ■ y 

b. It y is inver.olv -.-f... t ; . 1 t :•. tb. oi tbo oquation 



He] r l/^H*i.i» foil I (rout *) 

BEST COPY AVAILABLE 

c. If y iti iDvtJiHiiy piu|.o;t ixii.jl tt, * ,iuJ y^i(K) docs 

f(jib) " n • i(h; who,,- 1 !.. ..,„v numbers? 
Justify your an'.w.;"^. 



IF YOU HAVE MASTERED THE BFflAVIOUAL OfULCTIVtS lU THJ.S SECTION, TAKE THE 



PROGRESS TEST. 



SECTION II: Exp(*nentid I dn.j h,,ijr' » ,:;rK. Hi,., i (...jv 
BEHAVIORAL QB.iFrr r.... BEST COPY RVMLRBLE 

Bj^ the completiun gt ihe t-.. ,- lixvu , wu,-.;. wi '.uuiv, .you will be able to: 

13. Define an exponential fu.Ktiu. a.ul 5.q!>c relating to this definition. 

14. Sketch a graph for an indicot.eiJ do.„ain or <i..y yiver. c^^po^ential function. 

15. Define a logarithmic function and .olvo problems relating to this definition. 

16. a) State and/or prove the followirKj properties of logarithms: 
1. If M and N are positivt; m^inbers asid b is any base, then 

Log MN - Log, M + Log, N 
b b 



2. If N is a pes i Live iiui.ib',:r, p i:, d..y t I nu.nhe'-, dii.i n is i 



any base, then 



3. li-" M and (i are posiuvf nidiii.c -^ ,n | b is dny base, then 

4. if a and b arc two bases, dnj n is .-iny p.viitive number, then 

l.og^ M Log,, fi 
.. . 

b) Solve problems and e.|Hdlio,.5. i^-I^Cm-- .'o rho p>'operties in part (a). 

17. a) Determine the cnaracten r ic y>vA fi.di.r.issj of a cnmrnon logarithm, 
b) Use tables to determine: 

1. The value of log U when N is- a three digit number. 

2. N to three digits when lu(j :i ic. cjiven 

18. Use the method of linear interp; la r. ion to: 

a) Determine log li when M is a four digit pumber 

b) Determine N when log N is given, but is not listed in the. table of logarithms. 

19. Sketch a graph for an indicd^d d..,unin or y,ven logarithmic function. 

20. Solve problems involving numerir.nl ..oir.putritmns using logarithms. 

21. Solve any given exponential or loi)<^r ■ rirrn,: .r\.i:.tAor\. 



RESOURCES II 



I, Readings: 

1. Rees: M3 - ? 14 pps. 374-3/h; 1^. - Ih mv,. ,3B4-35"/, 373-374; § 17 - ^ 18 
pps. 363-367. 368-369; 19 pp ., .;;7b--37bi .r- jyps. 370-372; P 21 pps. 377-378 

2. Vance: ^ 13 - # 14 pps. 30')-30n, ;i - ••• 16 pps. 313-316, 325-326; # 17 - # 18 
pps. 316-319; # 19 pps. 313-314', " ?.0 pps. 320-324; if 21 pps. 326-327 

3. Fisher: # 13 - ^ 14 pps. 77-80; 15 pps. 81-83; if 16 pps. 84-86; # 17 pps. 91- 
93; § 18 pps. 94-97; ft 13 pps. 8/--90; ^ 20 pps. 98-100; fi 21 pps. 101-103 

4. Dolciani: 13 - 14 pps, 3?7-33?i< 338-341; « 15 pps. 353-355; #16 pps. 360- 
362; ^ ]7 - # 18 pps. 356-359; ? 19 ; if 20 p. 359; H 21 

II. Problems: 

1. Rees: # 13 - ^ 14 p. 377 ex<. 2S--J!Q; « 15 - ?/ 16 pps. 357-359 exs. 1-68 
(every third exercise), p. 377 ex^ . 7-16; 17 - # 18 pps. 367-368 exs. 1-67 
(every third exev-ci se) , p. 369 exs. 1-48 (every second exercise) ; # 19 
p. 377 exs. 17-24; ?i 20 pps. 372-373 exs. i-aa (every second exercise); # 21 
p. 379 exs. 9-24 



-5 2. V.mce: ? 13 - M4 p. 306 exs. 1-6; " 15 - 16 p. 316 exs. 1-21, p. 327 

— exs. 1-10; 17 - # 18 p, 318 e/s, l-?4, pps. 319-320 exs. 1-20; if 19 p. 316 

exs. 22-25; ff 20 pps. 321>3L'2 exs. 1-12, pps. 324-325 exs. 1-4, 8; if 21 pps. 
327-328 exs. 16-23, 26-29 



23a 

o 

CO 

CO 



3. r-isher: 13 - 14 p. 30 exs. 1-4, ^ Is p. 83 exs. 1-3, 5, 9, 10; # 16 
pps. 86-87 exs. 1-6; fl 17 pps. 93-94 cxs. 1-5, 8; if 18 p. 97 exs. 1-4; ff 19 
pps. 90-91 exs. 1,2,8,9; a 20 p. 100 exs. 1-9; -f 21 pps. 103-104 exs. 1-4 

4. Dolciani: # 13 - if 14 p. 332 exs. 1-8, pps. 341-342 exs. 1-3, 6; # 15 p. 

355 exs. 1-24; ? 16 p. 362 exs. 1-8; ? 17- 18 p. 359 exs. 1-12; ff 19 ; 

ff 20 pps. 359-360 exs. 13-24; ?! p. 360 exs. 33-40 



ERIC 



1 a D.f, BEST COPY AVAIUBIE 

a. Define an txponuncial H,.,,l:ok. 

b» Find the basp^^ nf tK- . 

the follow?ug"p°L,sr ^---^ions whose graphs contain 

1) (2.8) 

2) (-2A) 

" p"^siJivrn^S^:,\r^ ^^'^ exponenual functions restricted to 

2. Sketch the graphs of the following functions. 

a. y = 2^" 

b. y . 5^ 

3. a. Define a logarithnuc function? 

b. Write the following e.uatxons i.,.ri.|.n-c for.: 

2. a-' = B 

c. Solve the following equations: 
1. log^x = 5 
2; log^^A = X 

3. iog^^a « 0 

4. 2^°^2'<^ 5 

^. a. Prove the following: 

If M and X are positive numbers and b is anv base, then 

b. Given that log 3 = .7 lo- 1.. , 

\ io^^iU = 1.3:> and log 7 = .95. 



- ■ .' /, 



find the number log ^"3,' 



ERIC 



a?" 



5. Sketch lUn giaph.s ot lUtt }<«ll> 

a. y « log^x 

b. y " lok; 3x 



6. a. Approximate the following l.<4',« iitiinis: 

1. log 3.63A 

2. log 7.675 

b. Find N if: 

1. loR II " 2.1052 

2. lug ti « 1.3311 

c. Find Che number x 



s 



S, 1. 10" - 7.; 



'2 



io"" - . 3';'; /. 



4 



7. a. Using JogariLhms solve the toJ Lowing problems. 

6J2_ X J^.35_ 
1. 4,6l"l X .'005 

b. Determine which number laf>>cr, 32 ^* or 28 ^ 

c. Solve for x 

1. 5'' - 17 

2. = 4 

3. 3 • 4"* 5 • 6^^' 

4. log(x + 1) ~ log(x - 1) « 1 

IF YOU HAVE MASTERED THE BEHAVIORAL OBJECTIVf-:s, TAKE THE LAP TEST. 



o 
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REFERENCES 

Resources: 



1. Vanatta, Carnahan, Fawc*jtt.: Advanced H igh School Mathematic s^ Expanded 
edition (Chalres E. Merrill PuRTrsFrnr{"'Ompany, 1^66) 

2. Rees and Sparks: Algebra and Trigonometry , 2nd edition (McGraw-Hill 
Book Company, 1965) 

3. Fisher and Zlcbur: Integrated Algebra and Trigonometry . 2nd edition 
(Prentice-Hall, Inc.; i967) 

^' Vance; Modern Algebra and Trigonoinetrv . 2dn Edition (Addl ton-Wesley 
Publishing Co., Inc., l96i^) 

5. Dolcianl, Beckenbflch, Donnelly, Juryensen, Wooton: Modern Introductory 
Analysis (Houghton Mifflin Co., 1970) *" ' 
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COPK AVAllfiBLt 



HIGHER DEGREE EQUATIONS 
A NO THE DERIVATIVE 



« 



RATIONALE 

In previous math courses you have 
learned how to determine the roots of 
linear equations » quddratic equations 
and selected higher degree equations. 
In this LAP you will study methods that 
will enabl? you to determine whether a 
given equation has any real roots. If 
an equation has real roots and they are 
rational, you will learn a method to 
determine their value and if they are 
irrational, you will learn to approxi- 
mate their value. 

Also, in tliib LAP you will be 
introduced to the underlying foundations 
of the calculus - the limit and the de- 
rivative. 



1 



SECTION ] 

Bshavloral Objectives 

By the completion of the prescribed course of study* you 
will be able to: 

1. Oeflrie a polynomial of degree n and solve problems 
relating to this definition. 

2. Derive the 'quadratic formula and determine the roots 
of a second degree equation by factoring the equation 
or by using the quadratic formula. 

3. Use the discriminant to determine the nature of the 
roots of a second degree equation. 

4. Use the method of synthetic division to divide a first 
degree polynomial into any higher degree polynomial. 

• 5. State and prove the Remainder Theorem and solve prob- 
lems relating to this theorem. 

6. State and prove the Factor Theorem and its converse 
and solve problems relating to these two theorems, 

7. State the Fundamental Theorem of Algebra and solve 
problems relating to this theorem and its corollary. 

8. State the Rational Root Theorem and solve 
problems relating to this theorem. 

9. Demonstrate your understanding of the statement of 
Descartes Rule of Sign^ by being able to determine 
the possible numbers of positive and negative roots 
of a given polynomial equation. 

10. Isolate the real roots of any given polynomial equa- 
tion between two consecutive integers. 

11. Determine integral upper and lower limits (bounds) 
for the real roots of any given polynomial equation. 

12. Solve problems involving imaginary roots of poly- 
nomial equations. 

2 \ 



RESOURCIS i 

BEST COPir AVAILABLE 

Readings; 

1. Vannatta: Advajiced Hiqh School M atheniatl r.s - ifl ♦ 

#2 p. 54; #1 rT4'*pp,n54-?6r#5, #6 pp: Se-SS; #7 
pp. 59-60; m fp' 60-62; #9 pp. 62-63; #10, #11 pp. 
64-67; #12 pp. 67-78. 

2. Rees: Algebr a and Trigonometry - H p. 11; HZ pp. 191- 
193; #3 pp. 206-207; #4 pp. "334-336; #5 pp. 332-333; #6 
pp. 333-334; #7 p. 340; US pp. 345-348; #9 ; #10 

p. 343; #11 pp. 341-343; #12 

3. Fisher: Integrated Al gebra and Trigonofnetry. - #1 p. 198; 
#2, #3 ppT 206-210; '#4 pp. ZOO-ZO'U #5, #6 pp. 217.-218; 
#7 pp. 220-221; §B pp. 227-230; #9 _; #10 pp. 231-232; 
if^n .._.; #12 pp. 223-226. 

4. Vance; Modern A lgebra and T rigonometry - ill p. 246; #2 
pp. 49-60, pp. 179-185; #3 p.' 192;' #4 pp. 45-46; #5, #6 

pp. 246-248; #7 pp. 250-251; #8 pp. 253-256; #9 ; 

#10 .; #11 p. 249; #12 pp. 260-261. 

5. Oolciani; Modern In troductory Analysis - #1 pp. 230-231; 
#2 pp. 267-27"'0; #3 p. 276; #4 p. 236TT5 p. 235; #6 pp. 
238-240; #7 pp. 269-270; #8 pp. 241-243; #9 pp. 245-246; 
#10 pp. 289-291, #11 pp. 244-245; #12 pp. 275-276. 

PROBLEMS: 

1. Vannatta: Advan ced High School Matheinfitics - #1 ; 

#2 p. 0^ ex". 4-121 #3 _;~#4'T."^'6 exT 1-8; #5 pr59 

ex. 1-10; ,f 5 p. 59 ex. 11-20; #7 _ _; #8 p. 62 ex. 1-10; 
#9 p. 63 ex. 1-lOi #10, #11 p. 6/'"ex". 1-12; #12 pp. 68- . 
69 ex. MO. 

2. Rees; Al£eb,ra and_J'"laP'i"'''etrv - #1 _ HZ pp. 198-199 
ex. 1-12, 25-48 Teve'ry thTrd "exerciseT; 13 ex. 1-20 (even 
numbered exercises); #4 p. 337-338 ex. 25-40; #5, #6 pp. 
336-337 ex. 1-24; #7 ; #8 pp. 348-349 ex. 1-32 (even 
numbered exercises); #9 J_ ^^10, #11 p. 344 ex. 21-32; 
#12 . 

3. Fisher: Integrat ed A lgebra and Trigon ometry - #1 p. 201 
ex. 1-4; 12, #3" pp. 210-2U"ex. 1, 3,"^, 5, 11; #4 p. 202 
ex. 8; #5, #6 p. 219 ex. 1-3, 6"8; ^7 pp. 22-223 ex. 1-2, 
6,10; #8 p. 230 ex. 1-3; #9 ; #10 p. 233 ex. 1-2; #11 

'^12 p. 226-227 ex. l-3,'5,'5. 

4. Vance: Modern A lgebra and Tr i rj on ome try - #1 ; #2 p. 

50 ex. 3, 11, 12, 23, 24". 26;"27, 29, 30, 37, 38, 40.-44. 

pp. 183-184 ex. 1-4, 7-9, 13, 19, 21; //3 ; #4 pp. 46- 

47 ex. l-12(even numoered exercises); *fb, #6 ex. 1-14; 

^7 p. 251 ex. 1-b; ^8 p. dbb ex. 1-14 (oven numbered 

exercises); n9 ; '^10 ; //II p. 251 ex. 1-15; #12 

p. 262 ex. 17-26, 



Duiciani: l^tcdern lntro.iut.tory Analviils #1 p. 232 ex. 
6; #2 ex. 1^6^8713 j ^rpTaMTeK, 9-14; 0S p. 237 

ex. 23; #6 p, ?40 ex. 1^03-U; #7 ; pp. 243-244 

ex. 1-10; #9, #11' p. 246 ex. 1-12; #10 pp. 291-292 ex. I- 
8; Il2 pp. 276«27/ e;<. I S. 



SKl F-tVA-MTrw i BEST €OPy flWUUBlE 

»¥• ■..... . 1. a. Otffln* • po1ynom<|1 of degree n. . '' 



b. For each of the following polvtinnnals state the denree of 
the polynomial and tell the constant term. 

1. • 9x5 . 7x3 + - 5 ^ 0 

2. 7 - 9x ♦ 16x3 a. 0 

3. Sf* - 7t2 - Bt 0 

2. Determine the roots of the following se^dnd denree equation. 

a. X - 7 + « 0 . • 

X 

b. -3x2 - 5x - 1 = c 

c. ~rj + 7x = -2 

3. What is the nature of the roots in the followinn equations. 

a. x2 - X - 2 = 0 

b. X - 1 t 5x ■ y 0 

4. Simplify cuo following using synthetic division: 

(4x^, + 1) * (k + j) 

5. Use the Remainder Theorem to determine P{r) for the given values 
Of r\x) and r, 

a) P(x) - x'* . Sx'i f 6x • 8 r - 2 
"^b) P(x) - x^-^ 4 1 r « 1 

6. a. State and prove the I'dQtor Theorem. 

b. Use the Factor Theorem to show that x - a is a factor of 

X* ' * ' . 

7. Form the equation whir.h has fx - .1} , (x - 4). and (x i 1) as 
linear tactors, ' 

8. Find the rational roots of the following equations: 

a. x3 + 5x2+ X - 7 = 0 

b. 12x3 + iQy,. - ;x > 6 = 0 
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SELF-EVAIUATIOM I (conf ) 



9. Deterffltne tlie maximum and ininimum number of positive and 
negative roots of the following equations. 

a) 5x3 - 7x2 6x " 9 « 0 

b) lOx^ - x3 - •• 5x r 1 - 0 

10. Isolate tha real roots of the following equation between two 
consecutive integers. 

a) x3 - 3x^ - X + 2 0 

b) x** - 2x3 . ioy.2 - ax + 4 ^- 0 

11. For the equations listed in exercise 10, determine the least 
upper limit and the greatest lower limit of the real roots. 



12. a. Must the equation ax^ + bx^ + cx i- d 0 have any real roots 
if a, b. c, and d are all real numbers? OiStlfy your answer. 

b. Form the cubic equation two of whose roots are 3 and 1 + i 



If you have mastered all the Behavioral Objectives, take your 
Progress Test. 



ADVANCED STtJOV ! • 

1. For the followirtg (?q^idtiorts, dt^teniiine all values 
of k for which the solutions are real numbers. 

a. 2x2 + 2kx + 10 • 0 

b. 3kx2 " 6x + 9k - 0 

2. Suppose P(x) ax2 + b« f c wiu re a < 0 And b anJ 
c are real numbers. What conditions are necessary' 
for both roots to be positive? Both roots to be 
negative? Both roots to be of opposite signs. 

3. Find a quadratic polynomial whose zeroes are the 
cubes of the zeroes of + 7x - 9. 

4. The square ut twice a certain number is larger than 
the sum of the number and 1. Which numbers possess 
this property? 

5. Solve the equation 4^*^ - 2^^* i * o. 



Bishivloral Objectives 

By the completion of the prescribed course of study, you will 
be able to: 

13. Determine the slope of a line tangent to a curve at a 
point on the curve. 

14. Determine the equation of a line tangent to a curve at 
a point on the line. 

15. Determine the derivative of a given polynomial. 

16. Find the extreme points of a given polynomial and deter- 
mine whether they are maxima or minima. 

17. Sketch a graph of any given equation for an Indicated 
domain. 

18. Approximate a real root of a polynomial equation to a 
specified degree of accuracy. 

19. Determine the given number of roots of any given real 
numbers . 



RESOURCES il 

I. READINGS: 

1. Vannatta: Advanced HiMJchCLol Mat^smaUcs - #13 pp. 
69-72; H4 pp. 72-73; #15 ; ifie pp. 73-76; #17 pp. 
77-78; #18 pp. 79-80; ^9 pp. RS-HS. 

2. Rees: Algebra and Tri gonomet ry - ^17 pp. 338-339. 

3. Fisher: Integrated Algebra and Trigon ometry - §17 pp. 
209-210. 

4. Vrince: Modern Alg ebra and Trigonofnetry - #17 pp. 253. - 
252. 

5. White: Advanced Al gebra #13, #H pp. 258-272; #15 pp. 

272-274; #16 pp. 275-?80, 283-287; #17 ; #18 pp. 294- 

295; fl9 . 



kESouRCtsii (cont-) BESI COPY AVAIIABU 



6. Dolciani: Morlern Introductorv An?ri,ysis - ^13, #14 pp. 
293-295, Z9T'?Mi'JK^^^ #17 pp. 304-307; 



11. PROBLEMS: 

1. Vannatta: Advanced Hi (jh School Mathematics - #13 p. 72 

ex. 1-10; #14"p; 73 ex. 1-8; #15 ; #16 pp. 76-77 ex, 

1-6; n7 p. 79 ex. I-IO; #18 p. 80 ex. 1-8; #15 p. 86 ex, 1-4 



2. Rees: Al gebra and Tr igonometry •• #17 p. 344 ex. 1-12 
(even numbered exercises) . 

3. Fisher: Integrated Alge bra and Trigonometry - #17 p. 210 
ex. 9. 

4. Vance: Modern^ Al gebr^^^^^ Tr igonometry - #17 p. 253 ex. 
1-15 ( odcT mimbcfred exercisesT- 

5. White: Advanced Al9ebra - #13, #14 p. 272 ex. 1-6; #15 

; #r6'p.'^286"ex.'T-3. p 287 ex. 1-6; #17 ; #18 

i3;'29b ex. 1-3; #19 

6. Dolciani: Modern introductory Analysis - #13, #14 p. 
296 ex. l-lF, 15-16"; p'. 299 "ex". l-TTpart b only), 9-12; 
#15 pp. 302-303 ex. 1-16; #16, #17 p. 307 ex. 1-12 (narts 
a, b, and d only); #18 ; #19 . 
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SB K ..t:vA! UATTON 1 1 BEST COPY AVAILABLE 

» 

1. Determine the slope of a line tangent to tt-»e graph of the curve 
•lat a point with given abscissa: 

a. y * - 9x + 3 al;f:r:issd - ?. 

* 

b. y = 2x3'" 7w absciss<i - -i 

2. Determine the equation of the line tangent to the graph of the 
equation y « - 7x + 5 at the point (1,-1). 

3. a. Determine the derivatives of the following polynomials: 

1. y 7x - 11 

2. y = 3x2 - 10 

b. Determine the derivatives of the polynomials you found In 
part a. 

4. Determine the courdi nates or the maxima and minima of the equation 

y = x^ 3x " 1. 

5. Sketch a graph of the eqj'tion y - x'' - 6x - 4 for the domain 
-3 s X s 3. 

6. Find tiie value of a root of the equation y = x^ + 4x - 1 correct 
to onti decimal place. 

7. Find the three cube rootc of ? fjraphicany. 



IF YOU HAVE MASTERED ALL THE BEHAVIORAL OBJECTIVES, TAKE THE 
LAP TEST. 
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ADVANCtD STUDY 11 BEST COPY mWXH 



1. In a 220-volt circuit having a resistance of 20 ohms, 
the power W in watts when a current I is flowing is 
given by W » 2201 - 201^. Determine the maximum 
power that can be delivered by this circuit. 

2. What is the minimum velocity of a particle whose velo** 
city with respect to time is given by the equation 

y = t(t - 3)? 

3. Determine the derivatives of the following equations 
with respect to x. 

a) y = ^x3 + 5x2 - 7x + 2 

b) y « (x3 - 9x2 + 5x)(3x'* - 7x2 - 8x + 6) 

2x^ - 8 

c) y = 7x - 5 

4. EvaUiate each of the following integrals. 

a) /Jgd.. d) //x's dx 

b) /(7x - 2)dx e) / ^^r" 

c) /2x(3 - 4x2)dx f) / -jj«J===.g- dx 

5. The slope of a tangent line to a curve at the point 
(-1,3) is 2x2 . Determine the equation of this 
curve. Also, write the equations of the tangent and 
normal line to this curve at the point with abscissa 
4. 
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RESOURCES 



Textbooks: 

Vannatta, Carnahan, Fawcett: A dvance/ High 
School Mathematics . Expanded Edition ( Charles 
E. Merrill Publishing Co., 1965). 

Rees and Sparks: Algebra and Trigonometry 
(HcGraw-Hill, Inc.. 1969). 

Fisher and Ziebur; Integrated Algebra and 
T rigonometry * 2nd Edition (Prentice-Hall, Inc., 
1967). 

Vance: Mod ern Algebra and 1 i^i gonome try (Addl son- 
Wesley Publishing Company. Hnc., 1968). 

White: Advanced Algeb ra (Allyn and Bacon. Inc., 
1962). 

Oolciani, Beckenbach, Donnelly, Jurgensen. 
Wooton: Modern Introductory Analysis (Houghton 
Mifflin Company, 1970). 
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THE TRIGONOMETRIC FUNCTIONS 
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RATIONALE 



Trigonometry Is perhaps the most easily 
applied branch of mathematics studied on the 
secondary leveK In short order, you will be 
able to easily solve problems that without 
trigonometry would be extremely challenging 
or impossible; problems dealing with subjects 
ranging from civil engineering to ballistics, 
from biology to automotive engineering. 

In this LAP you will be Introduced to the 
trigonometric functions and will learn to per- 
form basic trigonometric analysis. 
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Behavioral Objectives 

V By the completion of the prescribed course of study, you will be 

able to: 

1. Define the following functions* and solve problems relating 
to these definitions: 

a) sine d) cotangent 

b) cosine e) secant 

' c) tangent f) cosecant 

2. Write the value of any function of the following angles with- 
out using tables: 0°, 30°. 45", 60°, 90°. 

3. Use tableii to determine the value of a function of a given 
acute angU.'. 

4. State and prove any cofunctlon relation and solve problems 
reldtinii to thtse relations. 

5. State and prove any reciprocal relation and solve problems 
relating to these relations. 

6. State and prove any quotient (ratio) relation and solve prob- 
lems relating to these relations. 

7. State and prove any Pythagorean relation and solve problems 
relating to these relations. 



* Unless otherwise stated, the word function in this LAP refers only 
to trigonometric functions. 
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BEST COPY AVAILABLE 



I. READINGS: 

1. Vannatta: Advanced Ifl sh Sc hool Matliematlcs - n pp. 106-109, 
lil-112; itZ pp. 109"-ni; #3l)prTl3-il4; #4 p. 115; #5 p. 116; 
#6, §7 pp. 117»I19. 

2. Hooper: A Modern Cou rse in Trigonometr y - H pp. 6-8, 14-15, 
16-17, 18-19, To-21, 24; ffZ pp. 25-26; if'3 pp. 9-10, 12-13, 15, 
19; #4 - f/ pp. 21-22. 102-105. 

3. White: Advanced Algebra - §1 pp. 18-21, 26-29; #2 p. 30; #3 
; #4 p. 27; fb - §7 pp. 36-39. 

4. Rees: AjcLebra and Trigon ometry - n pp. 141-142, 147-154; #2 
pp. lf;5-15Si'l3 PP.T73-T75; H ; §5 - i{7 pp. 160-162. 

II. PR0&i.EM3: 

1. Vdnnatta: Adyanued Migr. School Mathematics - #1 p. 109 ex. 
1-6, p. 1.2 TxT 3'-3r^2' p. m ex." r-8T ?/3 pp. 114-115 ex. 1 - 
18; ;M pp. 115-116 ox. 1-B; ^5 p. 116 ex. 1-13; - H7 p. 119 
ex. 1-12. 

2. Hooper- A fjofienx tor^ #1 p. 24 ex. 1-12; #2 
pp. 27 ?8"e>i. '1-33 uydd numl)\fred "e^cTC^ #3 p. 11 ex. 1-2, 
p. 14 ex. I-IO, p. l6 ex. 1-3 p. 17 «x. 2-6, p. 20 ex. 2-5; #4- 
7 p. 23 ex. 12-45 (even numbered exorcises), p. 106 ex. 1-4. 

3. White: AdV'inced Algeb ra - H - ii7 p. 42 ex. 1-10. 

4. Pees: Aljjebra anc[Jri_^nometrj/ - //I pp. 154 ex. 11, 13, 21, 
25, 29.l2-33;"40; (/Fp.TSQ ex. 26-27, 29-32; #3 pp. 175-176 

• ex. 1-8, 13-24. 29-36; ^''4 ____; - //7 . 

III. AUDIO: 

1. Wollensak Teaching Tape C-3711: The Sine Tunction 

2. Wollensak Teaching idpe C-3712: The Cosine Function 

3. Wollensak Teaching Tape C-3713: The Tangent Function 
IV. VISUAL; 

Films trip 514: Introductory Trigoriometry 



S£LF.tmuATION I 



1. a) Define the following ftioctlons; 

1. tangent 

2. secant 

3. sine 
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b) 1. Given that (3,4) is a point on the terminal side of angle o, 
find the value of the six functions of a. 

2. If sin 0 = :r , then what are the values of the other functions 
of 0? •* 

Find the following without using tables: 

a. sin 30° 

b. tan 90** 

sec 'f + ros_90^^ 

c . tan 3'rjo ■ esc 

tan 60^ + cot 30^ 

d. I - sin 60^""s'in" 30"^ 

a. Evaluate the following using tables: 

1. sin 40°30' * 

2. tan 53°13' « 

3. cos 73°49' = 

b. Find the following angles from the given numerical value. 

1. cot X = 1.4019 

2. cos X = .8066 

3. sin X = .7465 
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SELF-EVALUATION I (Qonf) 
4. a. If sin 39° « .6293, then cos 51° « 
b. If tan 21° s ,3839, then cot 69° « 



5. a. If sin A » , then esc A « 



b. If tan B = Jj, then cot B « 



_ ^ sin 0 

0. a. Prove tan G = coro 



b. If cos A » .2 and sin A « .5, then cot A = 



7. a. Prove sin-^ e + cos^ o = 1 

b. If cos A « |. then sin A «= 

c. If CSC T 1, then cot T = 



IcV?!!!^^® mastered all the Behavioral Objectives, take the 



Progress Test. 
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ADVANCED STUDY I 

1. Evaluate the following using logarithms: 

a) /i'm^m' tan 5?To' 

4 5 

b) (cos 39010')^ • (sin 7)^40')^ 

tan 37^40^ cot 49^30" ^ 

c) sin 23050 ' cos 88»10' 

d) (sec 27°40')S • (esc 7C°50')^ 
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Behavioral Objt^ciives 

By the completion of the prescribed course of study, you will 
be able to: 

8. Define a radian and solve problems involving radians and 
degrees. 

9. Determine the value of a positive or negative angle of any 
size. 

10. a. Determine the values of the functions of the following 
quadrantal angles without using tables: 0°, 90^, 180°, 
270°, 360°. 

b. Prove and/or apply statements relating to functions of 
multiples of the quadrantal angles given above. 
■ 11. State and prove formulas relating to the sum or difference 
of two angles and solve problems relating to these formulas: 
e. g. sin (a + 0) » sin a cos 8 + cos o sin 

12. State and prove formulas relating to double angles and half 
angles and solve problems relating to thesf formulas: e.g. 

sin 2 0 =« 2 sin 0 cos tan l-%cpji^x _ 

2 sin X 

13. State and prove formulas that transform d sum or difference 
of functions into a product of functions and solve problems 
relating to those formulas: e.g. sin x + sin y - 2 sin — ^ 
cos . 
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BEST GOPy AVAILUBIE 



I. READINGS: 

1. Vannatta: Advanced High School Mathematics - US pps. 123- 
124; #9 pp.T?"6-lMVllO p. TriTTlT pp. TI3-135; #12 pp. 
136-138; #13 p. 139. 

2. Hooper: A Modern Course In Trigo nometr y - #8 pp. 70-73; 
#9 pp. 36^?r?r6r pp. 53-Bi m pp. 183-186; #12 pp. 187- 
190; #13 pp. 192-195. 

3. White: Advanced Algebra - #8 pp. 22-23; #9» #10 pp. 30-34; 
#11 pp. 63-69; #12 pp. 70-73; #13 . 

4. Reeb; Algebra and Trigonometry - #8 pp. 142-144; #9 pp. 
1G8-172; #10 ppTT5lN158"; #11, #12 pp. 300-313; #13 . 



II. PROBLEMS: 

1. Vfinnatta; Advanced M1c[h School Mathematics - #8 pp. 124- 
m 1-6; if9 p. ilSex. 1-12, 23^1TT #10 pp. 131-132 
ex. 1-5; m pp. 135-136 ex. 1-8; #12 p. 138 ex. 1-9; #13 
pp. nO-140 ex. MO. 

2. Hooper: A Modern Courbe in Tri gonome try - #8 pp. 73-74 
ex. 1-39; #9 pr44 ex. l^'i ppT 45-46' ex*. 1-2, p. 48 ex. 
1-24, p. 50 ex. 1-22, p. 74 ex. 56-70; #10 p. 55 ex. 1-10; 
#11 p. 74 ex. 40-55, pp. 184-185 ex. 1-10, 15-16, 26-29, 
pp. 136-187 ex. 1-10, 15-16; ^12 p. m ex. 1, 5-9, p. 191 
ex. 1-4, 6-7, 9, 11, 13; n3 p. 193 ex. 1-16, pp. 195-196 
ex. 1-16, 23-<26. 

3. White: Advanced Algebra - #8 p. 2h ex. 1-27; #9, #10 pp. 
35-36 ex. ATl'.T.TT, cTl-?.); #11 p. 35 ex. 3 pp. 69-70 
ex. 1-15; #12 p. 73 ex. 1-14; #13 . 

4. Rees: Alg ebra and Trigonomet ry - f<6 pp. 144-145 ex. 1-28; 
#9 p. 172 ex. 1-32; #10 >p. 158-159 ex. 1-28; #11, #12 pp. 
303-304 ex. 1-8, 13-16, p. 307 ex. 1-8, 13-16, pp. 311- 
312 ex. 1-8, 13-16; #13 
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SELK-EVALUATION U 

1. «. Define a radian. 

b. Change the following degrees to radians. 

^- 2. 153' . 3. 333° 

c. Change the following radians to degrees. 

1- ^ 2. 10 3. 1.9 

2. a. Prove: If A > 0, then cos (-A) = cos A. 

b. Find the value of the following: 

1. sin 334° 

2. tan 179° 

3. CSC (-32?") 

4. sec (-100°) 

5. cot 385° 

6. cos (-450°) 

3. a. Write the value of the following without using tables: 

•1. sin 0 . cos 270° - lgc lflO° • tan 0° 
2. cot 90° . sin 360° + esc 270° • cos 0° 

b. Prove: sin (k • 90°) - o if k is an even integer. 

c. For what values of k does cos.(k • 90°) = 0? 

4. a. Prove: tan (x + y) = -^^^'-^tJPJU... 

^' 1 - tan X tan y 

b. If sin X = I and cos y = | . then sin (x + y) = 

c. Find cos without using the tables. 

d. Evaluate tdn ( . \ y) i./it'.n.^ .. • . 



BEST con AVAILABLE 



Srir-FVALliAriON II (cont*) 



5. a. frvwu tan 2x ^- 



b, Fln-l tcu ?.2'^'}() with/itrc usinn tables. 



c. If X is acute ani cos « 3 » fi"-' the valuf? 0^ ens 2x. What 
quadrant docs the terminal side of anole 2x lie in? 



6.a)Provc sin x + sin y = 2 sin —y^' • — 2 • 

0 0 

b)Express cos 21 - cos 15 as a product of functions. 



c)Cxproi,s 2 sin 6x sin 3x as a sum of functions. 



7. Mark the foUowiiKj true cr false, 



tfin (x y) " tan x + tan y 
2 cos 2 - cos X 
tfin {-x) - -tan x 
sin 2x - 2 sin x 

2 tan 2 = tan x 

2/ s 1 f 1 X \ . 
( — j — ) = sin X 

sin X + sin y - sin (x + y) 

cos X - sin (90*^ x) 

tan 2x = 2 tan x 

cos (-x) ' -cos X 



IF YOU HAVE MASTERED THE BEHAVIORAL OBJECTIVES, TAKE THE PROGRESS 



TEST. 
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ADVANcro STiioy n 



fiBi copy miiABi^ 



1. Describe the variation of the functions sin x» cos x, tan x, cot x, 
sec X, and csr x as x varies in the following manner: 

a) 0° < X < 90° 

b) 90°< X < 180^^ 

c) 180° ^ X < 270° 
(1) 270" < X < 360^ 

2. Determine all values of x such that 0° s x < 360° and for which 
the following relations hold: 

a) tan (x + y) - tan x + tan y 

b) cos (x + y) = cos x + cos y 

c) sin (x + y) = sin x + sin y 

3. Work the following problfcuis: 

a) A plane is 2000 ft above the sea v/hen it is 5 miles from the 
shore. Then it climbs steadily at an angle of 15° with the 
horizontal 5 flying in a straight line toward the shore. What 
height above sea level, to the nearest foot, will its altimeter 
record as it passes over the coast? 

b) To determine the width of a river, a spot directly opposite a 
• tree on the farther bank is chosen on a straight stretch of 

the river. An observor thtin walks 50 yards along the bank and 
finds that the angle between the bank and the direction of the 
tree is 32°. To the nearest foot, how wide is the river at 
the point where the tree stands? 

c) If a man 5 feet 8 inches tall casts a shadow 20 feet long, what 
is the angle of elevation of the sun? 
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Behavioral Dbjectivcii 

By tlio LompUtion of the prescribed cou»se of study, you will be 
able to: 



14. Verify identities and/or provo ^tatf^ments relating to the 
identities given in objectives 4 - 7 and the formulas given 
in objectives U - 13. 
• (a) 

e.g. Develop a fonnula for sin 3A in terms of sin A and. cos A. 

^^'^ 2 cot X 

7". r-T" - sin 2x 

1 + cot- X 

RESOURCES III 

I. READINGS. 

1. Va/iMr'tta: f-dvdf>c&fi High ScnooJ Ma themati cs - #14 pp. 119-121, 

pp. i-":0'-i4iT'" 

d. I'oo,)':!-: A^'.fcJci;!. Courst in rngottonietry - #14 pp. 107-108. 

3. 'WhrwC: -V^vj. crid Mlpebra « ffl4 pp. 40-41, pp. 73-74. 

4. ^<vies: Alfjabra and Tr-itj[onoinetry - f?14 p. 162, pp. 163-165, 
p. 313. 

5. Vance: M odern Al -jebfa and Ir itionometry - #14 pp. 124-126. 
II. PROBLB'JS: 

1. Vannatta: Adv^.Ker' Hjqh School f^themd tics - #14 pp. 122-123 
ex. 1.30, p. eT.'9-Tf, f. 133 ex. 10-"i5, p. 140 ex. 11-15, 
p. 141 ex. 1-14. 

2. Hooper: A M.odG»'n (.r^u rse in Trltjon or.igtry - #14 pp. 108-109 
ex. 1-28," p. -8^) e^. 17".?5" p.'Im; ex. 11-16, pp. 188-189 
ex. 10, 2:;-34, pp. 191-192 ex. 5, 8, 10, 12, 14-20, pp. 195- 
196 ex. 17-22. 31-3?. 

3. White: Adv anced Aiucbt'd - ^14 p. 42 ex. 11-30, p. 75 ex. 1-13. 

4. Rees: Al'?t,4)j;'a d_nn 'i'j jp_r)uniot|;/ - ^'14 pp. 162-163 ex. 1-24, 
pp. 165~1K< e7.' r 

5. Vance: ■•lodji'r^i ■"•.Ivjor'rd and Tri:jOiio'iiet.ry - #14 pp. 126-127 ex. 
7-50 (odd numbered' exercises], pp. 133-134 ex. 18-26, 28-32, 
pp. 140-141 ex. I2-30, p. 143 ex. 17-24. 



ERIC 




s;af"£VA!.ijA"noN iii 

1. Derive a formula tor ciic (a y) ^n terms of esc x, esc y» sec x. 
and sec * 



2. Show that sin (45° + x) sin (4£»'^ - x) /I. sin x. 



3. Verify the following Identities: 

a) tan x - l^SS^M. 

sin 2x 



tan^ X 



. - CSC X 



c) cot^ A « — 
' sec A - cos A 

H\ sin 3fJ " sin B 

coi^-B '-'slii^-e'- ^ " 

®^ 1 + cdi'x ' rin x ^^-'^ 5< 



1^ '^^^^ MASTLRLD ALL (HE RfHAVIORAL OPJLXTIVES IN THE LAP, 
TAKE THE LAP TEST. 
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AOi'AMCFU STUDY IH 

1. Derive a formula for sin 5A In terms of A. 

2. Verify any of the following identities: 
cotl X tan^ K _ cos'» x + sin** x 



a) cot' X ^- tan K 
1 + cot"^' r+"tan^~'x sin X cos X 

b) sin^ X - cos* x ■ sin x (1 + sin x cos x) - cos x (1 + sin x cos x) 

c) (sin A + cos Aj-^- (sm U + cos li)^' ^ 2(1 + sin A cos A ♦ sin B cos B) 

^\ sin X <■ $u\ 3x + sin 'ix - 

cos X •¥ COG +■ cos Tx " 
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School Mathcmati .es, expanded editioM Charles 
Q TTlWriU Publishing Co., 1965), 

2. Hooper and flrif;wn1d. A Modern Course in 
Trigonomet o, (Henry Holt, and Company, Inc., 

imT' 

3. White, Advancod Altjebra (Allyn and Bacon, 

Inc., miyy""^" 

4. Rees and Sparks. Al(iebr^and.jnM5onoi^^ 
2nd edition (McUriw^-HiTl , Inc., I'^SD). 
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I. Textbooks 



Vance; Mam A l^nlvra ^t>d 1 ri nonometry , 2nd 
edition (AdTi son- Wesley Publishing Co., 1968). 



II. Audio 

1. wollensak Teaching Ttioe C-3711: The Sine Function 

2. Wollenodk Teaching Tdpf C-3/12: The Cosine Function 

3. Wol len;,dk Toachtng Tape (>37i3: Tangent Function 

III. Visual 

Filmstrip: Introductory Irigoiioinetry {Colonial Films) 
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EARNING 

C T I V 1 T Y 

A C K A G E 



A 



GRAPHS AND 

APPLICATIONS OF THE 
TRIGONOMETRIC FUNCTIONS 




• RATXOKAl.K 

When you first studied functions, you learned 
to do several things with them. You learned to 
determine their domain and range, you learned to 
compute f (a) for any given function £, and any real 
variable a in the domain of f, and you learned how 
to sketch a graph of any given function. 

In the previous LAP you were introduced to the 
trigonometric functions. You learned their defini- 
tions and how to find the value of any given trigo- 
nometric function evaluated at a given angle. Also, 
you were tauglit how to change trigonometric equations 
using proven trigonometric identities. 

In this L\P you will learn how to sketch a 
graph of any given trigonometric function. Also, 
you will learn how the trigonometric functions apply 
to solve problems of everyday life. 
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Behavipral Objectives 

By the co:«p.letion o£ the presctiboU course oi study, you will 
be able to: 

1. Determine the aiuplitudcs uiul funoamental period of any given 
tr igononu.' ti ic f utsc t ion , 

2. Sketch a graph ot the loliuwlng trii«onometric functions for 
any Indicated domain: 

a) y » Asinkx d) y « Acotkx 

b) y » Acoiikx y Aseckx 

c) y » Atankx f) y « Acsckx 

3. Sketch a graph of any given compound function by the addition 
of ordinatesi or the product of ordinates method. 

RKSOURCKS 

I* H<3ding5j. 

1. Vanatta • Advanced Hijjh Sc]u2ol _^l£L^.(.^l!latics: //I pps. 172-174: 
//2 pps. 163-171, i74-.i;6; pps."T77-T79. 

2. Gi-iswold •- JiL^'lorn tiouvRc: in Triuotujintjtry ; tfl p. 85; /i2 pos. 
iiO-n; //.'J p. 93. " 

3. Vance ■• Mndcrn. Algebra and Trijmnomotrv: iri.2 pps. 330-331. 
332-333; 113 p. 333. 

4. K'ies " Ajijebra and JTri^orometr^ ; H ppa . 177-180; //2 pps. 
180-184; in pps. 183- i«8" 

5. Fifthor - Li\i ctj^r a l gcI A J.g c i) r a and Ti is-tmomoiry : />1,2 pus. 143- 
^'♦^t ''3 

II. Problems. 

1. Vanatta - Advanced Wi^h School, j-tathonalics ! Ill p. 174 ex. 1-12 
1/2 pps. 171-1/2 oxV 1-7, p. 176 ex; 1-97"^ p. 179 ex. 1-8. 

2. Griswold - A Modern Cci.t.-.i in Tr ijionomctry ; //I ; //2 nns. 90- 
91 e:;. 1-3; I'l <)rex ."l~~ ' "~ 

3. Vance - LLsi<jiL^.A'iiebia_^ijui Tr ^ p, 331 ex. 1-8; 
03 p. 334 ox. all odd probiojr's. 

4. Rees - Aljjcbra and Tr i j^onoi ;ot rv : /'I ; P2 p. Ifi/t ex, 1-16" 
in pps. 188-189 ex. 1-12, /'i-id, 

5. Fisher - I n >: v^v a t. ffd A l>;<'b r a_a mL X'^ij^Q2!Ii£i-.V:-'. ' '''^.^ p. 1^7 ex. 
1 *■ 3 • 



St,U'-EVAU)AIlUN 1 



BEST con AVAIUBU 



!• OetAmlna the <lmplliudfc: and hmdaiftenta I period of the i'nllowing 
tcigonometric fuuction& whcuyy^.j: possiblu. 

y e -7 sin 7, . a> y tf cofi "5 

b) y » 2 "^^^ 2 e> y - /6 ^-^ 

c) y • -tan 2n f ) y « sec Vaii 



2, Sketch a graph of the following trigonometric functions for the 
indicated domai.n: 

a) y o 3sinx from -f, to n d) y - -gecx from 0 to 2n 

b) y » -2canx from Tt^to 2;^^ e) y = 2cot(x + 2if\ from J toT" 

c) y » iacos3x from "l to £) y « csc(~x) from ' f to ^ 



3, Sketch a graph of the follov/ing couipound functions; 

a) y « X - co«x d) y = 3sin2x - 4cos2x 

b) y = 2(2x + sinii) e) y « 5s .. :Jsin2x 

c) y « sinx + ain2A 
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ADVANCED STUDY 



L Sketch a graph of the foUowing pairs of functions. Each pair of 
functions should be sketched on the same graph with different color 
pens* 

a) cosx, sinx from -Ztt to 

b) tanx, cotx from -27r to Zit 

c) secx, cscx from -2n to 2n 

What comparisons can you deduce about each pair of functions? 

Write the cosine function in such a way that it will be equal to the 

sine function. 

• Sketch a graph of the following functions: 

a) y • 2x2 . 4cos2x from -P-tt to 2t! 

b) y » sin^x + 2cos2x from -Zit to 2it 

c) y « 2sin2Trx + cos22x from -2Tr to 2n 

d) y « cscx + secx from -2ii to 2it 

d) y a x.6in22x + 2xcos22x from -2n to 2n 
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Behavioral Objectives 

By the cumpleti<^ii of the presctibcd course o£ study^ you vill be 
able toi 

1* a. Define the composite function o£ two functions* 
be Work problems relating to composite functions « 

2. a. Define ''he Inverse of a function. 

b. Work problems relating to the inverse of a function* 

3e a. Detine the following functions: 

1. inverse of sin.s 

2. inverse of cosx 

3. inveioc of lanx 

4. inverse of cotx 
3. inverse ot secx 
6» inverse of cscx 

be Work problems relating to ti&e above definitions e 

4. Determine principal and general values of the functions arcsinx^ 
arccosXi and arctanxi 

5. Sketch a graph ot the relations arcsinx» arccosx^ arctanx^ 
arccotx^ arcsecx^ arccscx for any indicated domain. 

6t Determine tiiie solution set of any given linear trigonometric equation 

7. Determine the s;:;lution set of any given quadratic trigonometric 
equation, 

8« Determine the solution set of a trigonometric equation which is 
neither linear nor quadratic. 



KESOURCES 2 

Z« Headings t 



1. Vannatta - Advanced High Sc hool Mathentatics t #1 • 02 o. lOOt 
03 pps. 180-182; H ^P^. 18.3-186Tl5lF^85-186TT6 p. X87; 
#7 pps. 188-189; H pps. 189-192. 

^* Sf^^??^^ A Modern Course In T riMonottietrv ; #1 ; #2,3 pps, 94- 
M ; //5, pps. 96-97;T6.7.8 pps. "109-112— 

^* Mo<^ern Al«^ebra a.> d Trieonometrv i #1 pps. 99-100; #2- oos. 
265-267;" 1/3,4,5 pps. 270-2;5; //6 _jif7 ; Is 

4. Rees 7 Algebra and Trigonometry: H ; n pps. 132-134; #3,4,5 

pps. 445-449; //6.7 pps. 439-441; //8 5^7. 441-443. 

!J?^!fe" .^"<^gfi^ated Algebra and Tr igonometry ! H ; #2 pps. 
3*2-345; h.4V5 pps. 347-355; //6.7.8 pps. 356-358. 

■ 

ZI. Problems: 

1. Vanatta - Advanced High School Mathematics ! itl i 92 

//3 pps. 182-183 ex. 1-26; H pps. 184-185 ex. 1-20? 5 pl^'l86- 

ex Zig ^'^ ^' P* 

2. Griswold - A^.Hodern .CouTM, i n Trigonometry t #1 ; #2,3 p. 96 

' ^'^ "^^^ ^"^i PPS."Tr3-114 all even 

numoerd exercises. 

3. Vance - Mo^nj, AJ^bj:a and^ //I p. loo ex. 1-12* #2 

Tia .r;.'1^ '''''' PP"' 273::27r^. 1-24. pps. 275-276'ex: 
1-18, 36-45; /<6 ; 07 ; if 8 

4. Rees - Algebra an^^^^^ /;1 . pps. 139-140 ex. 9- 

5. Fisher - iilte^ated^ Algebra aijd Tri^tono metry ; 01 ; #2 p. 346 
358 ex"^*l'^= ''"^'^'^ ^' ''■^^ p. 
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SKT.F-EVAI,UATION 2 
!• At Define the composite function of two tunctiona. 

BEST copy W/lfL/IBLE 

b. Find gof for tha folJowitig combinations; 

g(x) = - 16 
g(x) = t^" 
g(x) « X + 16 

2, a. Define the inverse of a function. 

b. Determine f ^ for the following functions and tell the domain and 
range of f"^. 

1) f(x) c X - 4 

2) f(x) = x2 2 

3) f (x) = 

3. a. Define the toilowing functions: 

1) inverse of ainx 

2) arctanx 

3) sec"^x 

b. * Find the values of the following: 

1) X - arccosO 0° S x < 360*^ 

2) X = arctan3 0° - < 360° 

3) X » arcsec4 O'' ^ x < 360° 

A) X * arcsin(-.5) U° < x < 360° 

5) tan(arctan^) = x 

6) cos (arccot-j) s x 

7) sec(aiccos-^) = x 

8) tan (arcs in-:r) 4 cot(arccos-) = x 



1) f (x) - 3x - 9 

2) f (x) - X 

3) f (x) « x^ 

4) f (x) - x2 - 9 



ERIC 
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SELF-^EVALUATION 2 (cont') 
a. Give principal values in the follov/ing exercises 

1. Arcs iu 2 3. Arccos - 2 

5 

2. Arctan'e 4. Arcsin(.8829) 



b. Give general values in the following exercises, 

(- 1) 

1) arctan^a 3) arcsin y. 

2 

2) aresec 2 4) arccscC" -j) 



Sketch a graph of the following relations. 

1. arcsinx -180°^ x t 180° 

2. arctanx -360'"^1 x t 180° 

3. arcsecx -90°< x < 9o" 

Solve the following equations for x in degrees. 

a. 5sinx f 1 •- 0 

b. /atanx +3=0 

c. 5cosx - /5 = 0 

d. sin3x -.5=0 

Solve the following equations for' x in degrees. 

a) 2cos2x - 5cosx +2=0 

b) y^tan^x + 2tanx - /J = 0 

c) 3sin^x - 7sinx = 3 

d) cosxcotx - cotx = 0 

Solve the following equations for principal values of 

a) 5sin2x + 2cscx +4=0 

b) cotx + 1 = sinx 

c) cosx - i + tanx = 0 

d) 6sinx - 8cosx = 5 



ADVANCED STUDY BEST COP/ MHHj^Ql^ 

1« Sketch a graph of the*, following relations on the same set of 
coordinate axe« within the given values of x using a different 
colored pen for each one, 

a) arcsin2x d) arccot2x 

b) arcco62x e) arcsec2x -360° ^ x ^ 360° 

c) arctan2x f ) arccsc2x 

2. Determine the inverse of the following functions and also determine a 
suitable domain and range so chat the inverse will be a function. 
Then graph the inverse function, 

a) f(x) - |x| 

b) fCx) = ^-"T 

c) f(x) =: /i^'^r 

d) does f(x) =^xjhave an inverse function? Justify your answer, 

3. How many times will a line parallel to the x or to the y axis Intersect 
a function if the function has an inverse? Explain, 

4. If a function is increasing (i.e. if x. < x , then f(x ) < f(x )) or 
if a function is decreasing (i.e. if x^ < x^, then f (x?) > fCx^)) the 
can you say its inverse is decreasing or is increasing? Justify your 
answer . 
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Behavioral Objectives 

By the compief. ion of the prescribed couise of study, you will be 
able to: 

1. Solvo word firobloms that r«:!uire construction of right triangles 

and use of t rigunometric funttions. 

2, a. State and prove the Law of Sines. ^sinA * sinB °° sinc) 
b. Work probiiiius relating to the Law of Sines, 

3, a. State and prove the Law of Cosines (c*^ ■ + b^ - 2abC08C) 
b. Work problems reiatlnj; to the Law of Cosines, 

4. a. State iind prove a fornula that will determine the area of a 

triangle given two sides and the included angle, 
b. Find the area of a triangle given two sides and the Included 
angle. 



RESOURCKS 

I, Readings. 

1, Vivuaita - A^var.'.-^eci hiv,h S chool Mathe;natic s ; H pp, 144-147; 02 
pp. i50--15i;' -73 '^'^ 154-T56; /M pp. 157-15S. 

2, Griswcld - fWl^.^lgiMA -^P^t -sG In TciM onometry ; //I ; 02 pp, 142- 

151; '/J pp. ilZ-l'inflTi' pp. i!,8"16i, 

3, Vance - Mo dern AJgebra and Tri gonometry; #1,2 pp, 364-368; #3 
pp. 372-376; '^4 _ . 

4, Recs - Alg>:br-' and 1 riftoncne L ry ; 'l pp. 383-389; /f2 pp, 393-395, 
397-399; "3 pp. 399-400; ifi* pp. 3^5: -396. 

5, Fisher - Ini:et^^tta_^lt>ebra_ and Trig onometry : 01 ; <5f2 pp, 166- 

169; //3 pp. 170-172; tiVpp. lf3.-17?>. 

IX. Problems, 

1. Vanatta - Advanrpd High School Mathema tics; #1 pp. 147-149 ex, 1- 
21; in p. 154 ex, 1-8; i(3 p. 157 ex. 1-10; //4 p. 158 ex, 1-8, 

2. Griswold - ■•'.(-•■ierr. (.our se In 1 r ig.onometrv ; //I ; //2 p, 145 ex, 

1-8, pp. i46-I4(> ex. l-io', p. 150 ex". 1-10^?. 152 ex. 11-17; i}3 pp. 
154-155 1-10, p. 157 .v. i-lC; p, 161 ex, 6-10, 

3. Vance - Mr.dc!X.O_ Algebra and Tri^/inoTnetrv; /'1, 2 pp. 368-369 ex, 1- 
17, p. 376 ox. 1-3, 5; f' 3 pp. 377-378 "Lx, 6-9, 14-19; ^4 , 

4. Ree.s - Al^obra and T rlAonf):i'.o trv ; t'\ pp. 385-386 ex. 1-20, pp, 
389-391 ex. 1-2, 5-6, l"-i7, .?0, 22; '>2 pp. 396-397 ex, 1-22, pp, 
400-401 ex. l-i:; p. 401 ex. 11-20; .'/4 p. /*01 ex, 21-28. 

5. Fisher - Intog nted Alge b r.i --^nd Trir.nnQ metry ; in ; il2 pp, 169- 
170 ex. 2-3, 5-8; '3 rp. 17>-173 px. 1-3, 5-6, 8,' 10; M p. 176 
ex. 1, 3, 7, 
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SELF.hTAT TtATTON 3 BEST COPV miABU 

I. a. From a firetower 99.8 f«ec above the level of the ground, the 
angle of depression of a trt-e U 15^30'. How far Is the tree 
trom a point directly under the point of observation? 

» 

b. Two poles are on horizontal ground and a person Is standing 

between them. He is 104 feet from one pole and finds the angle 

nthniTf " '° «^ i« 55 feet from thi 

?Jocn,P*'^^ ^""^ ^^""^^ elevation to Its top to be 

29 50 . Which pole is taller and by how much? 

^' fn.^'^^"*^^ ^^^^^ subtends a central angle of 11°50» in a circle. 
What Is the diameter of the circle? 

d. To determine the height of a tree two points A and B were 

located on levC j,.round it. I in.- wi th the tree and the angles of 
elGvutiv u.. u-c'.e tut'dsur^d at caoa point. The angle at A was 
55 10 and the angle at b was lOW.o'. The distance from A to 

B was J20 iet't. How tail is the tree? 



II. a. State and prove the Law ot Sines. 

b. In triangle ABC, A « 77'^2A', a = 344 feet, and c - -406 feet. 
Find B, C, b. 

c. An apartment buildinf^ stands on the side of a ravine that has 
a uniformly sloped side.. At a time when the sun has an angle 
of elevation of 55°! 2' the- shadow of the building extends down 

nfqcTn- •''''"'J''"' ^^^^ ^^-^ has an angle 

of 9 10 , find tie length of the shadow. * 

in. a. 'ate and prove the Uw of cosines. 

b. The sldurf of a parallelogram are J 3 In. and 55 in. Find the 
length of each diagonal if the smaller angle is 32°. 

IV. a. State and prove an area formula for triangles. 

b. In triangle ABC, a = cm, c - 27.2 cm, and B « 62°32» 

Find the area of triangle ABC, 



O LI. 

ERIC 



BEST COPY AVMUBLE 



In order to find the height ..t watertowcr AiJ» tht; angle of elevation 
to the top li is tnensurtd by meatiB of a tranjilt from point C, whose 
distance from the water tower is not known, 'ihen the transit is 
turned through a Uuriaontal angle of 90^' find point 1) is located. At 
D the angle of elevation of the top of the watertow«r is again measured. 
Find the height of the wateitowtt if <ACB 29^37* and <ADB • I5^3l\ 
and CD • 200.0 feet. 




Find a derivation of Hero's forn.uia for the area of a triangle 

(A « ^(a - •■ cT ), atudy it, and then derive this formula 

for your teacheir. 



Derivu the following: 

a. Law of Cosecants 

b. Law of Secants 

c. Law of Tangents 

d. Law of Cotangenty 
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BEST copt mmit 

Ancient Griic k plhtiosophers argued that ija a race 
Involving a hate and a tortoise the hare could not 
catch the tortoise if the tortoise were allowed a head 
start. Their reasoning was as follows: suppose the 
hare is ten times as fast as the tortoise and also 
8uppo8*e that the tortoise is allowed to start one foot 
head of the hare. Then when the hare travels the one 
foot that was between him and the hare, the tortoise 
has traveled oue- tenth of a foot; when the hare travels 
the one-tenth of a foot tiiat was between hiisself and 
the tortoise, the tortoise has traveled one-hundredth 
of a foot. lUitih timo. the hare travels the distance 
that was betwcian hlnself and the tortoise, the tortoise 
has traveled one-tenth of that diatance. Hence, the 
hare will never catch the tortoise. 

This airgument puziiled philoaophers for ages. They 
knew that th-2 h.-ire would catch tha tortoise, but they 
could not see auy flaw iri the above agrument. 

In this u\r w€i will learn what sequeuces and series 
are. We will learn how to find the sum of selected fi- 
nite series. Finally we will study a topic than will 
enable us to show directly that the hare does in fact 
catch the toi toist;--Gonvargent infin:'.te scrj.cs. 



Behavioral uhyifti 

By the c^^^-plvtrvu ol th« prescribed course of stuay. 
you will bci ablsi foi • 

1. Determine tor any given arithmetic sequence 

a. the first totm ot the sequence 

b. the common difference of the terms of the sequence 

c. any iv.x(n in the. s^quencti which is not given 

2. Dateriainc tita means of any arithmetic sequence and/or 
work problttnf: relating to lUa means of an arithmetic 

3. Derive a ioiniuiii that will enable you to determine the 
sum of tht tf«rn5« i.i an arithmetic series and work problems 
reiiiting to i.h.i ; foriauia. 

4. Detovmine f^^r arv given geometric sequence: 

a. the. ti.-st tocm ot the sequence 

b. tne cojon.on ratio of the terms of the sequence 

c. any ler.Pi in the sequence which is not given 

5. Datcrmiae the mcanr* of aay geometric sequence and/or work 
problems relating to the means of a geometric sequence. 

6. Derive a formula that will enable you to determine the 
sum of the tc-mr. in a geometric series and work problems 
relating r.o this formula, 

7. Deterrnlno t.'ie a-iiount: earned when a principal is invested 
at a cor Lain interest rate r and is compounded k times 



t >: .Yia. 1 BEST Cm AVAiUBLE 

Resources 
I. R£a\DI»ua: 

1. Vanatta - III i.p. 209-711; n p. 21i; //3 p. 212; //4 pp. 2KV214; 

t'5 pp, 'U4 p. 2if>; //7 pp. 2i8-219. 

2. Rees - H pp„ A09^/,Mi pp. 422-423; //3 pp. 411-414; //4 pp. 

415-416; pp, 423-424; //6 pp. 416-419; #7 . 

3. Vance - H pp. r/3-l/r>; n ; //3 p. 175; //4 pp. 307-308; 

*5 ; //& p, 308; in pp. 322-324. 

4. Fisher - H pp 324-325; //2 p. 332; //3 pp. 325-327; //4 pp. 328- 

329; n pp. 333-334; pp. 329-331; iH . 

5. Dolciani - in np. 75-80r #2 pp. 8(J..81; //3 p. 81; //4 pp. 83-84; 

pp. 84-85; //'6 pp. 86-87; HI ^ . 

II. PROBLKMS: 

1. Vanatta - //I p.. ?iu tx. l-iS (odd numbered problems), p. 211 

ej:. l-IO; iLi p. 212 ox. 1-7; //3 p. 213 ex, 1-5; H p. 
2IJ 1-5, p. 214 eii. 1-5; //5 p. 215 ex. 1-5; //6 
p. 216 v.x. //7 p. 219 ex. i~3. 

2. Rees - pp. 4i/.-4i'i ex. i-io, 13^ 15. //2 p. 424 ex. 1-4; #3 

pp. 4^»..4i3 ex. 11-12, 14, 16-28; /M p. 421 ex. 1-10, 13. 
15; p. . ^^4 ex. 5.-8; /;6 pp. 421-422 ex. 11-12, 14. 16- 

24, 2':i-36; iH 

3. Vance - M, //3 p. 176 ex. 1-16; //2 p. 176 ex. 17-20; //4, H p. 

309 e«. M6, 21-27; ^=5 ex. 16-18; HI p. 324 ex. 1-3. 

4. Fisher - //i p. :.{/ ex. 1; //2 p. 335 ex. 1-2; in pp. 327-328 

ex. 2-^,, 9, il; </6 p. 331 ex. 1-5; ii'j p. 335 ex. 
3, //•/ ^ . 

5. Dolciani - ill p. 62 ox. i, 4-ib, 19-20; iil p. 82 ox. 2; //3 p. 82 

ex. 3. 17-18, :'--22, 24-25; #4 p. 86 ex. 1, 3, 5, 7, 

^-^.'J'^"^'' ^'^ «^ 2. 4; ^6 pp. 86-87 ex. 6. 

a- i/'s 16, 22-2'i; in 



■J 



BiSl COW M«UB»i 

SELK-EVALUATION i 

* 

. Determine tlm 20il, toim iu the scqutiuce -5» 2, 11, ... 



. Insert five aritluiiotic means between -2 and A. 



. FinU thu sum of Jl terms oi the series -2 + 1 + 4 + ... 



leterraiae tic? <hW i.etm of the sequemie -2, 4, -8, ... 



Insert two geoniet ric meaiui between 8 and 64. 



Find the jiuin of U tertny ot Lhe series 3 9 27 



Find the compound ciiiiount oi $1500 Invested for 2 yeara at 5%, 
incerest bein« corapouiuied quarterly, * 



BiSl COM fcWlMBi 



.M)VAN'«:hi> STUDY 



i. a. Extend th« harmonic p. ogiwun 1 +1 + + — to touy 
more tertas. 

b. Insert two Iiarmonic means betweeii h and ^ . 

c. Show that X, y. 2 is a geometric progression if y - x. 2y. y 
is a harmonic progression 

. Find the cotppound amouut at the end .t fourteen years on an 
original priucipai of compounded continuously. 

. Does Che seriti^ 1 1 -f- l „ t + i , 

* ^ ^ i + I ... have a sum. If so, what 

is it? Juatify yuur answtr. 

A scrips ol «,uarc« is drawn by comectlng the «idpolnt« o£ the 
Sides of a fouL-inch .,u.re, the,, the midpoints ot the sld.s of 
the .ecoud square, and «„ „n. Kind the appro«i„,ate sum of the 
areas of the square. 



Behavior.*'' Oh^r --j\ 

By tho . oi.pjclit»ii oi tUe ptcacribed comatt of study, you will 
be <ib le to: 

8. Derive a tormula that will enable you to determine the 

^ sum of an infinite geometric seiies and work problems relating 

^ to this formula. 

9. Deterwine wliether any given geometric series is convergent 
t>r divergent. 

10. Demonstrate your understanding of the comparison test for 
convergence of series by using it to detcrmins whether a 
given series is convergent or divergent. 

U. Demonstrate your understanding of the ratio test for conver- 
gence of series by using it to determine whether a given 
series is coavergent or divergent. 

RiwSGlJRCE.S 

I. Readings: 

1. Vanatta - //S i)p. 216-217; //9 pp. 219-221; fflO pp. 221-224; #11 
p. 225. 

2. Rees - tf8 pp. 419-421; if^) ; wio ^ _; tfU , 

3. Vance - flQ pp. 310-312; 1^9 tflO _ Oil . 

4. Fisher - //8 pp. 33/»-335; 09 ; ino _; OIX 

5. Dolciaai - tf, //9 pp. iul-i03; //lO ; //II . 

II. Problems: 

1. Vannatta - 08 p. 218 ex. 1-8; //9 p. 221 ex. 1-5; //lO pp. 224-225 
ex. 1-8; Oil p. 226 ex. 1-6. 

2. Rees - //8 p. .;21 ox. 21-24; ff9 ; 1/10 ; #J.l 

3. Vance - //8 pp. :jij"3i3 ex. i-ll, 1/-18; l>9 ; /;10 ; /Ml 

4. Fisher - //8 p. 33.') ex. 6, 8; //9 ; //lo ; 

5. Dolcianl - /'S, 09 pp. IO/4-IO6 ex. 5-22. 29-30, 37, 39-A3; HlO 

//II 



^ + ^ f ^ .,. 



t li ffom a height: of one foot. It. then hits 

t le floor mul lobounds to ony-half its original height, hits 
the flocn it^'uiti and then leboundH to one-half the ht'iPht It 
had bounctMl Uie livat time, ttc. Neglecting external "forces, 
now Sar will tho ball travel while it bouncing? 



i« I'vro the follow in,; st-iios convergent or divergent? Justify your 



answer: 



b. 9 in v; 

c . 3 " 9 : 7 * 



. Ur,e fJud c jt; i-.il K^o.j tosr. to *luu.rnui,e whcUiur the following series 



1 1 

^- 1 + .i'. ^- ... 

1 1 i 

b. 3 A + .... 



X .J. . , 1 



1 4. ^ J . 



Use ihe raiM. ■ .• .t t- dc-r.-rmin.. wlu f Imt r.u h of ihe foUowin« 
series are con -nr or diverj-ent. 

1. . .1. _3 ^ 3 . 3 



BESt COM WMUBLE 



^2* ^3* '** ^'^ ^" infinita sequence such that the series 
**■ ^2 ^3 * * * does the series ja | + |a | + |a | + . . 

also tiuuverge. Justity your answer. 

^1 * ^2* ^^'^^"^^'^ sequence such that the series 

|b I 4 jb I + {I, i + ... coiivuf^^es , does the series b + b + b + .. 

* ^ 12 3 

also change'/ Just ily your answf.v. 

'^l • ^2. * , i-rt iiii infinite suquence such that the 

sevle« c -f + c. f ... cinvcraKH, docs the series (-c ) + (-c ) 4- 
(-C ) ■»•,.. alao .lonvcTijo? .jUHtity yoiu: answer. 



We have studied two tLsta that will enable us to determine whether 
an infinite y^;ri(„s, com^ui^ea. Vow aro to state and prove a theorem 
tliat will giv« aju fhc-r tesf. to ,iett;rnune whether an infinite series 
converges, and then pivt- an example oi this test. 



SECTION IXl 

Behavioral Objectives 

By the completion of the pr ascribed course of study, you will 
be able to: 

12. Use the binoinial formula to wr5.te the expansion of any 
given binomial aud/or determine any given term of a 
binomial in the form (x + y)^ « 

13. Solve problems relating to factorial notation. 

14. Demonstrate your uuderstanding of the principle of 
mathematical induction by proving statements using mathe- 
matical induction. 

15. Demonstrate your understanding of Pascal's triangle by 
being able to write it for any given value of n and/or 
using it to write an expansion of any given binomial. 

RESOUUCKS 

I. READINGS: 

1. Vanatta - //1 2 pp, 2 26-228, 229; //13 p. 228; //I A pp. 230-234; 

//i5 p. 235. 

2. Reea - /U2, //13 pp. 431-433, 43.'); //14 pp. 426-429; ^/IS . 

3. Vance - inz pp. 287-289; 1^3 p. 232; #14 pp. 295-297; //IS . 

4. Fisher - #12 pp. 285-288; #13 pp. 275-276; #14 pp. 320-323; #15 „ . 

5. Dolciani - #12 ; #13 p. 89; HA pp. 69-73; #15 p. 90. 

II. PROBLEMS: 

1. Vanatta - #12 p. 228 t;x- 1-9, p. 229 ex. 1-6; #13 pp. 228-229, 
ex. 1-22; #14 p. 233 ex. 1-8, p. 235 ex. 1-2; ^/15 p. 235 ex. 1-4. 

2. Rees - #12, #13 pp. 435-436 ex. 1-28; #14 pp. 429-430 ex. 1-24; #15 _ 

3. Vance #12 p. 290 ex. 1-24; ?;13 _ ; #14 pp. 29:-298 ex. 1-15, 18-20; 
#15 . 

4. Fisher - #12 p. 239 ox, 1-3, 6-7; pn , 276-277 ex, 1-2; #14 pp. 
323-324 ex. 1,'),8,9; . 

5. Dolciani - 1 2 ; ^-13 . 92-93 ex. 1-4, 9-16, 2i-?6; #14 pp. 73-74 
ex. 13-24; /'i^j 



(ipi c-EVAtUAtiON 111 



BEST tm 




a. Dstj the biubmiai loitnula to writa the expansion of <2x - 3y)^^ 



b. List the tifih term of (x - 4y)^. 



a. Give a numerical value for each of the following: 



21 16! 
1) 31 2) (41) 3) Tsi* 



b. Simplify each of the following where a and b are positive 
integers, a > b, and a > 1. 

a: i±jib)L (a - 2):(a 4- 1) 

1) (a - D: (2) (a - b + 1)1 (3) (a - 1)1 a: 

Prove: 1 + 3 + 5 + ... + (2n - 1) = 

Use Pascal's triangle to v.'rite an expansion of (x - 3)', 



^^mrm FTtmy ui BEST COPY AVAILABLE 



1. If a , « , a , , a i& a sequence, determine what Is meant 



by 



^ a • mathematical Induction to prove the 



i-i i 



following statements. 



a) If a^. a^, ™, a^ and b^. b^, b^, are two 

/_ (^i+^i> - y~ bj 

i'l i-1 i^ 



sequences then 



^1* ^Z* '^3' ' ^ sequence and k is any fixed 



number, thtin / ka « k / a 



2. Use mathematical induction to prove that 

an even number 



a) n^ - 3n + 4 is 



b) 2n^ - an*^ + n is divi8il>3.o by 6 



ERIC 
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g% C T I V 1 T V 

P 



A C K A G E 



PERMIJTAT IONS, 

COMB I NAT ICNS , 

AND 

PROBAB IL ITY 



RATIONALE 

In the theory of probability* In statistics. 
Industry, and in the sciences. It Is frequently 
necessary to calculate the number of ways that 
the elements In a set can be arranged or to deter- 
mine the number of ways the elements of a set can 
be combined into subsets. For example, a tele- 
phone company must provide each subscriber with 
a unique number, and a state government has a slm- 
lliar problem in assigning license numbers for 
vehicles. We shall be concerned with problems of 
this nature in this LAP and proceed from them to 
some of the very useful concepts of the theory of 
probabil ity. 
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BEHAVIORAL OBJECTIVES 

By the completion of the prescribed course of study, you will 
be able to: 

1. Solve problems relating to the Fundamental Principle of 
Choice. 

2. Determine the number of permutations of n elements of a 
set taken r at a time where r < n, 

3. Determine the number of distinct permutations of n elements 
of a set taken r at a time if two or more of these elements 
are alike and r s n. 

4. Determine the i.umber of combinations of n elements of a 
set taken rata time where r s n. 

5. Solve word problems involving simple event probability In 
which the occurrence of any event is ecjually likely. 

6. Solve word problems involving the probability of mutually 
exclusive events. 

7. Solve word problems involving the probability of independent 
or dependent events. 

8. Use the Binomial Theorem to determine the probabilitj' of 
events or to prepare a binomial probability table. 
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RESOURCE 



I. Readings: 

1. Vannatta: Advanced High School Mathematics - #1 pp. 238- 
239; #2 pp. 240-241; #3 pp. 242-243; #4 pp. 243-245; 15 
pp. 246-248; #6, '#7 pp. 248-251; HQ pp. 253-257. 

2. Rees: Algebra and Trigonometry - #1 pp. 455-456; #2, #3 
pp. 457-459; j?4 pp. 461-462; #5 pp. 464-465; #6 pp. 469- 
470; #7 pp. 470-472; #8 . 

3. Vance: Modern Algebra and Trigonometry - #1 pp. 278-279; 
#2, #3 pp. 280-282; #4 pp. ^84-285; #5-#8 . 

4. Fisher: Integrated Algebra and Trigonometry - #1 pp. 273- 
276; #2, #3 pp. 277-281; #4 pp. 282-284; #5 pp. 294-297; 
#6, #7 pp. 298-302; #8 pp. 304-308. 

5. Dolciani: Modern Introductory Analysis - #1 ; #2, #3 
pp. 610-612; H pp. 613-615; #5 pp. 599-601; ITpp. 602- 
605; #7 pp. 607-608; #8 pp. 621-623. 



II. Problems: 

1. Vannatta: Advanced High School Mathematics - #1 p. 239 
ex. 1-5; #2 pp. 241-242 ex. 1-20; #3 p. 243 ex. 1-5; H 
pp. 245-246 ex. 1-20; #5 p. 248 ex. 1-5; #6, #7 pp. 251- 
253 ex. 1-12; #8 pp. 257-258 ex. 1-10. 

2. Rees: Algebra and Trigonometry - #1 ; #2, #3 pp. 459- 
460 ex. 1-28 (even numbered exercisesyrff4 pp. 462-463 ex. 
1-28 (odd numbered exercises); #5 ex. 1-20; #6, #7 pp. 
473-475 ex. 1-32 (even numbered exercises); #8 . 

3. Vance: Modern Algebra and Trigonometr y - #1 pp. 279- 
280 ex. 1-12; #2, #3 p. 283 ex. 1-20; H pp. 285-286 ex. 
1-19; #5-#8 . 

4. Fisher: Integrated Algebra and Trigonometry - #1 pp. 
276-277 ex. 1-10; ^2, #3 pp. 281-28;^ ex. 1, 3-10; #4 pp, 
284-285 ex. 1-12; #5 pp. 297-298 ex. 1-14; #6, #7 pp. 
303-304 ex. 1-12, 14; #8 pp. 308-309 ex. 1-10. 

5. Dolciani: Modern Introductory Analysis - #1 ; #2, #3 

pp. 612-613 ex. 1-16; pp. 616-617 ex. 1-18; #5 pp. 601- 
602 ex. 1-12: ^6 pp. 605-606 ex. 1-16; §7 pp. 608-609 ex. 
1-12; #8 pp. 623-624 ex. 1-8. 
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SELF-EVALUATION 



1. ii If the first digit cannot be equal to zero, how many five 
digit numbers can be formed? 



b. A penny, nickel, dime, and quarter are flipped simultaneously* 
How many different ways can the coins land? 



2. If a coach has fifteen football players, how many different 
lineups can he make (one lineup Is different from another If 
one player Is at a different position In one than he Is In 
another)? 



3. Show that rl»P(n,n-r) = P(n,n). 



4. How many distinct permutations can be made from the letters of 
the word COMBINATION? 



5. If a convex polygon has 10 vertices, how many diagonals can be 
drawn? 

6. How many different committees of 6 Americans, 5 Chinese, and 7 
Negroes can be selected from a group of 17 Americans, 10 Chinese* 
and 12 Negroes? 

7. How many football games are played in the Big Eight If each 
team plays all the other teams once? 

8. If 11 coins are tossed at the same time, what is the probability 
that 5 of them will come up tails? 



9. In a drawer a man has 7 Dlue socks and 9 green socks. What is 
the probability he will get a pair that matches if he selects 
3 socks from the drawer at random? 



10. It has been determine experimentally that the success of an 
event is .75. What is the probability of 3 successful events 
In 4 trials? 
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ADVANCED STUDY 



A diagonal of a polygon Is a line that joins 2 non-adjacent 
vertices. How many diagonals does an n-slded polygon have? 



a. Prove the relation C(n,r+1) = ^ C(n,r) 0 i r < n. 



b. Prove C(n,r) + C{n,r-1) = C(n+l,r). 



A baby has 11 letter blocks that consist of four 5's, four I'Si 
two P's, and one M. The baby places the blocks all In a row 
and all right side up. What is the probability he will spell 
the word MISSISSIPPI. If he selects 3 blocks and places them 
right side up In a row, what Is the probability that he will 
spell the word IMP? 



Three boxes each contain 5 white, 3 red, and 2 blue poker chips. 
One chip is selected at random from the first box and placed 
In the second. Two chips are then selected at random from the 
second box and placed in the third box. Finally 3 chips are 
selected at random from the third box. What is the probability 
that all three chips will be of a different color? 



If you glance at your watch, what is the probability the second 
hand will be exactly at the 30 second mark? What is the proba- 
bility it will be between the 29 second and 31 second mark? 
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3. 
4. 
5. 
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DESCRIPTIVE STATISTICS 
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RATIONALE 

It has often been said that one cannot 
be an Intelligent member of society today 
without some understanding of statistics. In 
the ever-Increasing complexity of modern so- 
ciety, we have a penchant for taking data, 
organizing it, and drawing whatever conclu- 
sions we may from It. When a student takes 
the Scholastic. Apt4tude Test his performance 
Is ranked by the use of statistics. Statis- 
tics can cell us what the probability of our 
living another ten years is. Pollsters use 
statistics to tell us what we do and do not 
like. Statistics determines the success or 
failure of any television program. Some 
presidents have even watched polls based on 
random sampling to help them decide on a 
popular course of action to follow. 

In this LAP we will be concerned with 
the tools of statistics. We will then use 
these to see how Mr. Gallup can predict that 
55% of the people will vote for a certain 
candidate. 
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BEHAVIORAL OBJECTIVES 
By the coflipletlon of the prescribed course of study^ you will 
be able to: 

1. Compute the arithmetic mean, mode, and median of any given 
set of data as indicated. 

2. Compute the geometric, harmonic, or quadratic mean of any 
given set of data as Indicated. 

3. Compute the mean deviation and/or the semi -Interquartile 
range for a given set of data. 

4. Compute the standard deviation for a given set of data. 

5. Construct a frequency distribution for a given set of 
data and from this frequency distribution, 

a. Sketch a histogram and/or frequency polygon. 

b. Compute the arithmetic mean, median, and standard 
deviation. 

6. Demonstrate your understanding of normal distribution by 
sketching a graph of a normal curve using formulas or 
binomial expansion coefficients and/or solve problems 
relating to normal distribution. 

7. Demonstrate your ability to interpret normally distributed 
data using standard deviations by being able to determine 
the percent of the data that falls in a certain range or 
the probability that a datum will fall within a certain 
range. 

8. Compute for any random sample of data the standard error 
of the mtan and establish a level of confidence about the 
sample mean. 



RESOURCES 

I. Readings: 

1. Vannatta: Advanced Hloh School Mathematl<^c - n pp, 260- 
264; HZ pp. 264-265; #3 pp. 266-267; #4 pp. 267-278; 15 
pp. 269-276; #6 pp. 276-280; #7 pp. 280-282; #8 pp. 283- 
285. 

2- White: Advanced Algebra - n pp. 302-305; #2 ; #3 • 

#4 pp. 313-314; jif5 pp. 305-312; US, #7 pp. 315-319; #8 pp, 
319-322. 

II. Problems: 

1. Vannatta: Advanced High School Mathemat.ir< . #i p. 262 ex. 
1-5. p. 263 ex. 1-5. p. 264 ex. 1-3; HZ p. 265 ex. 1-5; #3 
p. 267 ex. 1-3; #4 p. 268 ex. 1-3; #5 p. 271 ex. 1-2, p. 
272 ex. 1-4, p. 276 ex. 1; #6 p. 2/8 ex. 1-2, p. 280 ex. 1- 
2; #7 pp. 282-283 ex. 1-4; #8 pp. 285-286 ex. 1-4. 

2- ^^^^e: Advanced Algebra - #1, #5 pp. 308-309 ex. 1-5. pp. 

312-313 ex. 1-3; #2 ; #3 ; #4 - #8 pp. 322-323 ex. 

1-5. 
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SELF-EVALUATION 

1. The grades scored on a test by a twelfth grade class are as 
follows: 85, 89. 93» 89, 95. 74. 79. 93. 89. 100, 81. 94. 76. 
89. 93. 79. 81, 87. 

a) Compute the mean grade. 

b) Compute the median ^rade. 

c) Oetermine the modal grade. 



2. Compute the quadratic mean of 7.5, 8.9, 4.5. 3.7, 8.3. 5.4. 6.2. 
and 7.1. 



3. Compute the mean deviation and semi -interquartile range of the 
following numbers: 32, 88, 67, 72, 85, 56, 93, 81, 48, 57, 63, 
79, 89, 39. 



4. Compute the standard deviation of the numbers in Ex. 3. Which 
measure of variability is greater? 



5. Make a frequency distribution of the following weights In grams 
of selected materials: 3.2, 5.7, 4.3, 6.8, 2.1, 2.7, 3.5, 3.9, 

2.6, 4.7, 4.1, 6.3, 5.9, 2.4, 4.9, 6.5, 4.2, 3.1, 2.9, 4.3, and 

6.7. From this frequency distribution, 

a) Construct a frequency polygon. 
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SELF.EVALUATION'(conf) 
b) Compute the mean, media, and standard deviation. 



^' thl ^ ' let h - f . k « 11, and construct 



7. The mean of a set of normally distributed numbers is 82 and the 
standard deviation Is 6. 

a) What percent of the numbers fall in the range from 73 to W 



b) What percent fall in the range from 80 to 84? 



c) What is th3 r.:^^bab^ )i tv th^t a r:!;' 'joler-.ted at random from 
the data uiil 'C- n > ij.-n ._■> 



d) What is tha pcobabili i:y that a nunibrir selected at random from 
the data will be less tlian e^'i 



8. A random s.^mpl? '■^ '< .'i s.uaents from ;:uar liigh Sc!ioo1 s?r-.ws a 
mean lieght i^r 6^ inches and a scand.jrd d2viation of 1.6 Inches. 

a) Find the standard error of tha rns-^r.. 

b) What is the range about the mean t"-^. sampie that will give 

a 90% level of ;.oi.fid.i;-. j tf.a-"- t: ) -r n <Tiaan will fall within i 



ADVANCED STUDY 



1. Determine the scores made on the Scholastic Aptitude Test by the 
graduating class of 1973 at Ninety Six High School. Then 

a. Compute the mean score 

b. Compute the median score. 

c. Compute the modal score. 

d. Which one of the averages seems to give a better representation 
of the data? Why? 

e. Make a frequency distribution for this data. 

f. From this frequence distribution, construct a frequency 
polygon. 

g. Are the scores normally distributed? If they are not, give 
possible reasons why not. 

h. Compute the standard deviation for the scores. 

i. What is the probability that a score picked at a random will 
be leas than 820? 

j. Find a range about the mean which will include 9035 of the 
scores. 



2. Determine the heights of 50 randomly selected individuals at 
Ninety Six High School. 

a. Compute the mean height. 

b. Compute the standard deviation. 

c. Compute the standard error of the mean. 

d. What is a range of heights about the sample mean of the 
data that will give a .95 probability that the true mean 
will fall within it? 

e. Select 20 more individuals at random and determine whether 
their heights fall within the range. 

f. Based on part (e) what conclusions can you draw about the 
sample mean of your data? 
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SPECIAL THEOREMS 
AND 
FUNCTIONS 



RATIONALE 



In a previous LAP you learned that the set of real 
numters Is a proper subset of the set of complex numbers 
and that any complex number can la expressed In the form 
a + b1 v^here a is the real part and bi is the imaginary 
part. This form is referred to as the rectangular fonTi 
of a complex number and is sometimes expressed as (a» b). 
There are many applications of complex numbers that are 
associated with the amplitude of the complex number. 
One section of this LAP will be devoted to developing a 
form to express complex numbers U5ir..j trigonometric 
functions. 

In a LAP on trigonometric functions, you learned 
how to determine the function of an angle, but you did 
not learn how all these values were arrived. You will 
study series In this LAP that will enable you to compute 
any of the six functions to a desired degree of accuracy. 



SECTION I 



BEHAVIORAL OBJECTIVES 

By the completion of tiie prescribed course of study, you will be 
able to: 



1. Take e given complex number and: 

a) plot It on a rectsngular coordinate system 

b) compute Its modulus and/or draw a line on a coordinate system 
to represent its modulus 

c) determine its amplitude co*'rect to the nearest 10 minutes by 
use of trigonometric tables 

2* Express e complex number given In rectangular form in trigonometric 
form and vice-versa. 

3. Compute the product and quotient of any two complex numbers expressed 
in trigonometric form. 

4. State and prove Defloivre's Theorem and apply tne statement of this 
theorem to determine the value of a complex number raised to the 

p^^ power, 

5'. Apply the statement of UeMolvre's Theorem to determine the p*^ 
root of any given complex number. 



RESOURCES 



SECTION I 



I. Readings: 

1. Vanatta: n pp. 25-28, pp. 183-184; #2 pp. 289-291;. #3 pp. 291- 
293; #4 pp. 294-295; #5 pp. 295-297. 

2. Rees: #l-#2 pp, 320-321; #3 pp. 321-322; #4 p. 324; #5 pp. 324- 
326. 

3. White: #l-#2 pp. 83-84, pp. 88-90; #3 pp. 91-92; #4.fi'5 pp. 93-96. 

4. Vance: #l-#3 pp. 166, 353-358; j!l4-#5 pp. 361-363. 

5. Fisher: #l-#3 pp. 186-189; #4-#5 pp. 190-194. 

6. Dolclani: #l-#3 pp. 258, 493-496; #4-#5 pp. 498-501. 

IK Problems: 

1. Vannatta: #1 p. 38 ex. 1-2, p. 184 ex. 3, 7, 8; #2 p. 291 ex. 1- 
. 14; #3 p. 293 ex. 1-11; #4 p. 295 ex. 1-8; #5 p. 297 ex. 1-8. 

2. Rees: #l-#3 pp. 323-324 ex. 1-48 (every third exercise); #4-#5 
pp. 330-331 ex. 1-8, 17-36 (odd numbered exercises). 

3. White: #l-#2 p. 84 ex. 1, 3, 5, 7, pp. 90-91 ex. 1-20 (even num- 
bered exercises); #3 pp. 92-93 ex. 1-8; #4-^*5 p. 96* ex. 1-18 (even). 

4. Vance: #l-#3 p. 359 ex. 17-21, 23; #4-#5 pp. 363-364 ex. 1-19 
(odd niimbered exercises). 

5. Fisher: #l-#3 pp. 189-190 ex. 2, 8-9; #4-fl!5 p, 194 ex. 1, 3. 

6. Dolclani: #l-#3 p. 497 ex. 1-24 (even numbered exercises): 
#4-#5 p. 502 ex. 1-6, 11-18. 



StlF-EVALUATION I 

1« For the g*jven complex numbers: 

a) plot them on the graph 

b) compute their modulus and draw a line on the graph to represent 
their modulus 



c) determine their amplitude, 

(1) 3 . 41 (2) 61 - 5 (3) -5 (4) 81 
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2. Express the complex numbers giyen in problem 1 in trigonometric form. 



3. Express the following complex numbers in rectangular form: 
a) 3(cos ^ + i sin % (b) 2(cos 0 + i sin 0) 

c) 3/J (cos 2l + i sin Zj) 
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SELF -EVALUATION I (conf) 
Simplify the following and express your answer in the form a + b1, 
(a) 2/3* (cos J* 1 s1n|-) ♦ /27 (cos 1 sin yr) 

lb) 6/? (cos y 4- 1 sin ^) ' 5 (cos ^ + i sin 4) 
7(cos TT + 1 sin n) . 9/? (cos ^ + i sin 5|) 

« 

# 

State and prove DcMoivre's Theorem. 

m 

% 

Simplify the following and express your answer in rectangular form: 
(a) (4 + 51)' (b) [7 (cos^ + i sin^l) j' 

Determine one root in each of the following: 

(a) (1 - 1) ^ (b) (-6)^ (c) |^3(cos Tt + i sin Tr)j ^ 

IF YOU HAVE MASTERED ALL THE OBJECTIVES, TAKE YOUR PROGRESS TEST„ 



ADVANCEO STUDY I 



3. 



4. 



a) Prove: The reciprocal of r(cos e + i sin e) is ~ (cos e - i sin «) 



b) State the conditions under which the conjugate and reciprocal of 
a complex number are equal. 



Suppose Z Is a complex number such that Z » 1. 
If R = + z** + + + z + 1, show that RZ = R. What can you con- 
clude about R? 



Let U and V denote the points representing u « r (cos e + 1 sin e) and 
V = s ( cos X + i sin x) where e and x are acute angles. Let 0 denote 
the origin,, A the point (1,0) and P the point that represents the 
product uv. Show that triangle OVP Is similar to triangle CAV. 



Apply the binomial theorem and DeMoivre's Theorem tc (cos e + 1 sin e)^ 
to prove that cos 3e = 4 cos^e - 3 cos e and sin 3 © = 3 sin e - 4 sln^e. 



Let and x be real numbers. Prove: 



(a) e 



J 2 
IXj 1X2 ^(^1 ^2 5 

• e = e 



(b) iX2 



e 



ixi 



= e 




e 
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SECTION II 
Behavioral ObjecMves 

» 

By the completion of the prescribed course of study, you will be 
able to: 

6. Evaluate limit for any quotient Involving a, sin ka, cos ka» 
and tan ka. 

7. Determine a value for sin x and cos x to a specified number of 
decimal places by using the trigonometric series. 

8. Use the exponential series to compute e'* correct to a specified 
number of decimal places. 

9. Derive a formula to determine the amount of money A you have If 
you Invest a principal P for k number of years when the Interest 
rate is r and the interest is compounded continuously and where 
rk - 1, 2, 3, 4, 5 and solve problems relating to this formula. 

10. Derive Euler's Formulas and solve problems relating to these 
formulas* 

Resources- 

I. Reading: 

1. Vannatta: #6 pp. 297-299; §7 pp. 299-301; #8 pp. 301-302; #9 
pp. 303-304; #10 pp. 304-305. 

IZ. Problems: 

1. Vannatta- #6 p. 299 ex. 1-14; #7 p. 301 ex. 1-6; p. 302 
ex. 1-2; §9 p. 304 ex. 1-3; m p. 306 ex. 1-11. 
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SELF-EVALUATIOM il 



1. Evaluate lim i^-A 



2. Compute the following correct to three deciindl places usina the 
trigonometric series: 



<a) sin j (b) cos If- 



3. Compute e^ correct to. three decimal places. 



4. If $600 is invested at 8% compounded continuously for 12*5 years, 
what amount of many do you have at the end of this time? 



la -la 

Derive the formula cos a= ^ — . 



6. a) Use Euler»s Formulas to show that cos 2x = 2 cos2x - 1 

b) Express the following in exponential form: 

3 (cos J + i sin j) 

c) log (-2) = ? 

G 



IF YOU HAVE MASTERED THE OBJECTIVES. TAKE YOUR LAP TEST. 
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ADVANCE STUDY II 



1. a) Compute sec yj correct to four decimal places. 



b) Compute esc correct to four decimal places. 



c) Compute e correct to three cjecimal places. 

d) Compute tan ^■ correct to four decimal places. 

6 

e) Compute cot 2l correct to four decimal places. 

2. Evaluate the following: 

a) lim sin.i«. 

1 2 2 

b) lin s^rt w + 2a cos n 

c) lim ^ 



a ^C0t2a + 1 



d) lim 



tan a 



a 



2 



e) lim 



1 - cos ^ 
tan 2ct ■^ c^^n a 



a 



f) lim 



a-»-0 a /csc^a - 1 



3. a) Prove: tan a= 
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ADVANCED STUDY II (conf) 

b) Use Euler's Formulas to prove sin(x + y) « sin x cos y + cps x sin y, 

c) Use Euler's Formulas to prove sin x + sin y * 2 sin X cos ^^-^jX , 

d) Use Euler's Formulas to prove cos (x - y) = cos x cos y + sin x sin y 
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Wooton: Modern I ntrodiictory Analysis 

( Houghton Mifflin Co"., 1970). 
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RATIONALE 

You have solved systems of linear equations 
using various methods in your previous algohra 
courses. In this LAP, v/e will represent systems 
of linear equations as rectangular arrays of 
numbers. We shall study some properties of 
these rectangular arrays and will use these pro- 
perties to solve our systems. 

Also, we will study one row matrices called 
vectors. We will study some of their properties 
and see how vectors are applied to solve problems 
in physics. 
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SECT I Of 1 I 

Behavioral Objectives 

By the completion of the prescribed course of study, you will be 
able to: 

1. Write the dimensions of a given matrix, write the position 
of a given element of a matrix, and write the transpose of a 
given matrix. 

2. Solve problems relating to addition of matrices of tho appro- 
priate order. 

3. Solve problems relating to the product of a scalar and a 
matrix and/or of matrices of the same order. 

4. Determine the additive and multiplicative inverses of a 
matrix whenever they exist and solve problems relating to 
these invcrscr,. 

5. Solve systems of linear equations using matrices with row 
transformations. 
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RESOURCf^S I 

I. Readings: 

1. Vannatta: j^l pp. 388-390; #2 pi 390; #3 pp. 391-392; H pp. 
393-396; fib pp. 397-400. 

2. Rees: iifl p. 281; #2 pp. 281-282; #3 pp. 282-283; M pp. 284- 
287; flfS . 

3. Vanes - #1 pp. 214, 217; #2 pp. 214-215; #3 pp. 215, 217-219; 
^4 pp. 215, 222-224; ii/5 . 

4. Berman: #1 pp. 543-544; #2 pp. 545-546; #3 pp. 546, 548-551; 

pp. 554-556, 558-559; #5 . 

5. Sharron: 4l'i^2 pp. 633-637, 655; §3 pp, 639-641, 642-644, 646- 
648; H pp. 654-656; §S . 

6. Fisher; til-H ; #5 pp. 246-250. 

II. Problems: 

1. Vannatta: n-^Z pp. 390-391 ex. 1-8; #3 pp. 392-393 ex. 1-8; 
H pp. 396-397 ex. 1-10; #5 p. 400 ex. 1-6. 

2. Rees: fil p. 287 ex. 1-4; #2 pp. 287-288 ex. 5-8; #3 p. 288 
ex. 13-20; #4 p. 289 ex. 21-32; #5 . 

3. Vance: n p. 216 ex. 1-4; #2-^3 pp. 216-217 ex. 5-30, pp. 
219-221 ex. 1-14, 18-29; H pp. 224-226 ex. 1-9, 11-13, 15-18; 

fi>5 . 

4. Bennan: n p. 544 ex. 1-22, p. 545 ex. 1-8; #2-#3 pp. 546- 
548 ex. 1-30, pp. 551-552 ex. l-]4; ^4 pp. 556-557 ex. 1-19, 
p. 559 ex. 1-10; §S . 

5. Sharron: n-n p. 638 ex. 1-27; #3 p. 641 ex. 1-24, p. 645 
ex. 1-23, p. 648 ex. 1-28; N pp. 656-657 ex. 1-23; 1^5 . 

6. Fisher: n-#4 ; §5 p. 250 ex. 1-5. 
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SELF-EVALUATION I 



a) If you nwjltiply a 3 x 5 matrix times a 5 x 2 matrix, what are 
the dimensions of the resultant matrix? 

b) The element a is an elemen; of some m x n matrix where m > 5 

53 

and n > 3. What is the position of this element in this matri;'.? 



c) If A 




, show that (-A)* = - (A^*). 



d) If A = 



-3 5 -2 
6-4 3 
7 6 -4 



Determine a single matrix equal to each of the following: 



a) 



[l -5 e] 



-4 -8 
3 6 
8 -5 



b) 3 



5 -4 
•2 6 
3 7 



+ 5 



If A 



= [c d] • 



and B = 



e f 

g h 



, does A + B * B + A? Justify your answer. 



a) If A 



b) If A 



• b -5] . 

-[•2 7 9j 



then (A^) « ? 



5| and B = 



5 1 

6 0 
-9 3 



, then AB = ? 



c) If A ;j and B = .? 



and B = 5 , does AB = BA? Justify your answer. 



SF.I.F-EVAI.UATJON I (cont*) 
5. If X is a 2 X 3 matrix, solve for X In the following: 



X + 



-5 6 -31 

2 0 1 



[I. 



0 0 
3 4 



6. 



Determine the Inverse of the following matrices whenever possible, 
If It doesn't exist* tell why. 



a) 



3 6 
-2 7 



b) 



2 5 
4 10 





[3 -7 


5 


c) 


6 4 


0 




-9 2 




d)l 


3 -5 

4 6 


.:l 



7. If A = [? SJ ^nd ad - be J* 0, show (A^)'^ = (A'V. 



8. If X is a 2 X 1 matrix, solve the following equation: 



3 0 
7 -1 



= [.!] 



9. A man had nickels, dimes, quarters, and half dollars worth $5.10. 
The nickels and dimes were worth $1.10 and the quarters and half 
dollars were worth $4.00. He had total of 32 coins. Write equations 
for the above informations (you should have four equations), and 
find the common solution of these equations using matrices. Solve 
the matrices using row transformations. 



TEST. 



IF YOU HAVE rtASTEREO THE BEHAVIORAL OBJECTIVES, TAKE YOUR PROGRESS 
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ADVANCED STUDY I 



1. An abellan group consists of the following: 

a) A set G 

b) An operation * which associates with each pair of elements x, 
y In G an element x * y In G such that 

1) x*y«y*x 

2) X * (y * z) - (x * y) * 2 

3) there Is an element e In G such that e*x«x*e»x 
for every x In G. 

4) to each element x In G there corresponds an element x~^ 
In G such that x * x"^ « a* * x = 3 

Prove that the set of 2 x 2 matrices forms an abellan group If the 
operation * Is addition. 

Prove that this set does not form a group If the operation * Is 
multiplication. 

2. Suppose A Is a 2 X 1 matrix and B Is a 1 x 2 matrix. Prove that 
C B AB Is not Invertlble. 

3. Let A be an n x n matrix. Prove that if A Is Invertlble and AB » 0 
for some n x n matrix B, then B » 0. 

4. A man has nickels, dimes, quarters, half dollars, dollars, and five 
dollar bills worth $24.65. Twice the value of his dollars decreased 
by 5 times the value of his quarters Is $1.75. The value of his 
dollars and five dollars is $19.00. Twice the value of his half 
dollars plus three times the value of his nickels decreased by six 
times the value of his dimes is $1.20. He has a total of 36 pieces 
of money. Write equations for the above information, express tho 
equations In matrix form and solve the matrix using row transformations. 
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SECTION II 

Behavioral Objectives 

By the completion of the prescribed course of study, you will be 
able to: 

6. Expand the determinant of any given square matrix up to order 
four and/or solve problems relating to determinants. 

7. Solve problems and/or answer questions relating to the following 
properties of determinants: 

a) If the rows of a given determinant appear as columns of a 
second, then the two determinants are equal. 

b) If two rows or two columns of a determinant arc identical, 
the determinant is equal to zero. 

c) If the elements of any row or column of a determinant are 
all zero, the value of the determinant is zero. 

d) If each element of a row (or column) is multiplied by the 
cof actor of the corresponding element of another row (or 
column) and the products are added, the sum is zero. 

e) If each element of a row or a column of a determinant is 
multiplied by the same constant k, the determinant Is 
multiplied by k. 

f) If k times each element of any row or column of the deter- 
minant D is added to the corresponding element of another 
row or column of D, the determinant obtained is eoual to 0, 

g) If two adjacent rows or columns of a determinant are inter- 
changed, the value of the determinant thus obtained Is the 
negative of the value of the original determinant. 

8. Determine the simultaneous solution of a system of linear 
equations by use of Cramer's rule. 

RESOURCES II 

I. Reading: 

1. Rees: j!I6 pp. 263-267; #7 pp. 268-273; #8 pp. 275-279. 

2. Vance: #6 pp. 226-228; #7 pp. 231-234; m pp. 240-242. 

3. Fisher: H pp. 258-259; #7 pp. 261-263; HQ . 

4. Berman: ^6 pp. 552-553, 559-562; #7 pp. 563-565; #8 pp. 566-568. 

5. Sharron: #6 pp. 649-652; #7 pp. 664-665; pp. 657-661. 

II. Problems: 

1. Rees: #6 pp. 267-278 ex. 1-32; #7 pp. 274-275 ex. 1-32; HQ 
pp. 279-280 ex. 1-32. 

2. Vance: #6 pp. 227-228 ex. 1-6, 10-15, pp. 229-231 ex. 1-4, 20; 
ff7 pp. 234-236 ex. 1-12; m p. 242 ex. 1-4. 

3. Fisher: #6 pp. 263-264 ex. 1. 10, 12, pp. 267-278 ex. 1-4; ^7 
pp. 263-264 ex. 2-3, p. 268 ex. 6-7; §Q 

4. Berman: #6 p. 554 ex. 1-16, p. 562 ex. WO; ffl pp. 565-565 
ex. 1-12; #3 p. 568 ex. 1-10. 

5. Sharron: #6 pp. 652-653 ex. 1-20; fi7 p. 666 ex. 1-6; ffQ p. 661 
ex. 1-22. 
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SELF-EVALUATION 11 



1. Expand the following determinants: 



a) 



1 -7 
10 -2 



2. If A s 



a b 
c d 



b) 



-4 5 
6 -9 



c) 



, show that det (A ) = det A. 



-7 5 -3 
6 -2 -9 
4 3 1 



3. Tell why each of the following are equal: 
a) 



6 
.4 

3 



7 9 
-9 -5 
6 4 



7 
9 
6 



b) 



1 


3 


5 




1 


3 


5 


7 


-5 


-10 




9 


1 


0 


0 


1 


3 




0 


1 


3 



c) 



1 


-10 


3 


3 


0 


0 


-4 


5 


-11 


7 


0 


4 



= 0 



d) 



1 


2 


0 




1 


3 


6 


3 


-7 


1 




2 


-7 


-5 


6 


-5 


0 




0 


1 


0 



4. Expand the following: 
a) 



10 -30 50 
-15 35 40 
16 -32 64 



b) 



11 -5 11 0 

-6 2 -6 19 

0 18 0 4 

-12 8 -12 16 



5. Determine the solution set of the following using Cramer's Rule; 



a) x + y- z = 3 
2x + 3y + z = 10 
3x - y - 7z = 1 



b) 4x - y + 2z = 5 
2x + y - 3z = 7 
lOx - y + z = -2 



ERIC 



TEST. 



IF YOU HAVE MASTERED THE BEHAVIORAL OBJECTIVES, TAKE YOUR PROGRESS 
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ADVANCED STUDY II 



1. Expand the following determinant: 

r 



3 


-1 


5 


8 


3 


-5 


0 


2 


0 


6 


-4 


2 


6 


-3 


5 


-9 


-3 


7 


1 


4 


7 


0 


8 


8 


6 


0 


7 


2 


1 


6 


2 


-3 


1 


6 


-5 


4 


-2 


1 


8 


-5 


-2 


4 


5 


4 


0 


9 


6 


1 


3 



2. If the points (3, 5), (4, -3), and (-2, 3) are the three vertices 
of a triangle, determine the area of this triangle using determinants. 



ERIC 
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SECTION III 

Behavioral Objectives 

By the completion of the prescribed course of study, you will be 
able to: 

9. Represent a vector in standard position by means of a vector 

diagram when given its magnitude and direction or its coordinates. 

10. Determine the algebraic and/or graphical sum of two vectors, 
and/or solve word problems relating to the sum of two vectors. 

11. Determine perpendicular components of any given vector and solve 
problems relating to these components. 

12. Solve word problems involving addition of vectors by using the 
Law of Cosines. 

13. Compute the magnitude (norm) of any given vector. 

14. Multiply a scalar times a vector and give the resultant vector. 

15. Express a vector as an ordered pair when given its initial 
and terminal points. 

16. Compute the inner (dot) product of any two given vectors. 

17. Determine whether two given vectors are perpendicular or parallel 
and if they are parallel, whether they run in the same or 
opposite directions. 

18. Express any given vector as the sum of the products of a scalar 
and a basic (unit) vector. 

19. Determine the distance between two points in 3 - d space. 

20. Determine the cross product of two vectors. 
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RESOURCES in 

Readings: 

1. Vannatta: §9 pp. 405-407; m pp. 29-30, 401-402, 407; #11 
pp. 30. 401. 409; #12 ; #13 pp. 403, 408; #14 pp. 403, 
408; #15 pp. 402-403, WT #16 pp. 404, 408; #17 ; #18 
pp. 404. 409; #19 p. 408; #20 pp. 409-410. 

2. Vannatta (Book Two): #9 pp. 370-372; #10 pp. 372-373; #11 
pp. 373-375; #12 pp. 380-382; #13 - #20 



3. Berman: #9 ; #10 pp. 390-392; #11 pp. 394-396; #12 - #20 



4. Sharron: #9 - #20 . 

5. Vance: #9 - #11. #13 - #14 pp. 158-161; #12 ; #15-#20 

6. Dolciani: #9 ; #10 pp. 129-135. 566; #11 pp. 157-160; #12 

#13 pp. 117^140.. 566; #14 pp. 142-144. 566; #15 pp. 125- 
128; #16 pp. 148-152. 566; #17 pp. 145-146. 149-150. 154-155, 
566; #18 ; #19 pp. 569-5/0; #20 pp. 571-575. 

Problems: 

1. Vanatta: #9 ; #10 p. 30 ex. 4-13, pp. 404-405 ex. 1-6; #11 
pp. 30. 31 exTTJ. 18; #12 ; #13 p. 30 ex. 1-3. p. 405 ex. 
li. p. 410 ex. 1-4. 15-16; IPTpp. 30-31 ex. 14-15. 17. 19; #15 
p. 405 ex. 7-10; #16 p. 405 ex. 12-14. p. 410 ex. 9-13. 17; #17 
; #18 ; #19 p. 410 ex. 5-8; #20 ex. 14. 18. 

2. Vannatta (Book Two): #9 p. 372 ex. 1-11; #10 p. 376 ex. 1-12; 
#11 p. 376 ex. 13-19; #12 pp. 382-383 ex. 1-6; #13-#20 



3. Berman: #9 ; #10 pp. 393-394 ex. 1-12, 1-8; #11 pp. 396- 

397 ex. 1-20. ex. 1-9; #12 - #20 . 

4. Sharron: #9 ; #10 p. 595 ex. 9-16; #11 p. 595 ex. 1-8; #12- 

#20 . 



5. Vance: #9 - #11. #13 - #14 pp. 161-162 ex. 1-20; #12 ; #15- 
#16 ; #17 p. 162 ex. 26 -29; #18 p. 162 ex. 23-25; #T9^#20 



6. Dolciani: #9 p. 570 ex. 1-8; #10 pp. 135-137 ex. 1-22. 29-34. 
43-46, p. 567 ex. 1-4. 7-18; #11 pp. 160-161 ex. 13-22, 41-42. 

pp. 141-142 ex. 33-36; #12 ; n3 p. 141 ex. 9-24; #14 pp. 

146-147 ex. 1-12. 35-46; #15 pp. 128-129 ex. 3-32, p. 136 ex. 
35, 41-42; #16 pp. 152-153 ex. 1-18, 33-45; #17 p. 147 ex. 15- 
20, 23-26, pp. 152-153 ex. 19-30, p. 156 ex. 1-20, p. 575 ex. 
1-8; #18 p. 136 ex. 35, p. 147 ex. 27-30, p. 160-161 ex. 1-12, 
29-32, 39-40; #19 pp. 570-571 ex. 9-14; #20 pp. 575-576 ex. 9- 
18, 23-30. 



11 



SELF-EVALUATION III 



1. a) Represent the following vectors In standard position on the 
Included diagram. 

1) |V| - 5, ••30° 2) |V| « 3, 0 - 145° 3) V « (-6,3) 



ulU L.Lill,:.! |.j:t . i|. 



TJ 
t i 



M---T!"rr , — , ,-r, -, -1- 

-! .ri-i ...j-L! 



1,1- IT r ! 



I I 



•trrr-iT!-'- 
iiii-; 



ld-kt4:i '.]:]:[{.: 



,4! 

"Tf 
H-f- 

i. 



...... 

:'■< ) 
fTTr 

1 i t : 



I 

'.'Ci 



i . I 



.1-!. 



b) Draw a three dimensional diagram and sketch a graph of the given 
points using line segments to Illustrate coordinates: 



I) |3,2,-l) 



2) (-3,4.2) 



2. a) If |Vi| » 3, 6j » 30 and IV2I = 2, 0 = 150 , detennlne Vj ♦ Vj 
graphically. 



b) If Vi » (-3,4) and V2 = (-6,-5), then Vj - « 7 



c) A plane Is flying north with a speed of 500 mph. It 1s flying 
through a crosswind blowing east that has a speed of 100 mph. 
What Is the magnitude of the plane's resultant velocity? 



erJc 
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SELF-EVALUATION III (conf) 

3. a) What are the x and y components of V If |V| « 7 and • SS^? 

b) If you are pulling on an object at an angle of 30° with the hori- 
zontal, what force would you have to exert to equal a force of 
30 pounds directed along the horlzontr.l? 



4. Two forces of 30 and 40 pounds act on an object. If the angle between 
the two forces Is 75°, what Is the magnitude of the resultant force? 
Do not use the graphical method to determine the answer. 

5. If V Is given by the following coordinates, determine |V|. 

(a) (5,-6) (b) (-3,0,5) (c) (-3.-2) (d) (-1,-3.-2) 

6. If V « (-3,4) determine the following: 

a) 3V (b) -2V (c) i V 

7. Determing PjPg for the following values of and P^. 

(a) Pi(-3,4), P2(4.-3) (b) Pi(5.-6.2). P2(-1.7.-4) 

8. Determine the following innar products: 

(a) T . j . k (b) (3,-5) . (6.2) (c) (-3,6.-1) • (2.-5.4) 

9. Determine whetl-^r the following vectorr are parallel or perpendicular 
or neither. If they are parallel, tel i vihethor their direction is 
the same or opposite. 

(a) (3.-9). (-1.3) (b) (6.-3). (4.-2) (c) (2.3.0). (0.0.5) 

(d) (-1,3). (-^.-6) (e) (3.6). (-8.4) (d) (3.-4.6). (7.6.^^) 

10. Write the following vectors as the sum of the products of a scalar 
and a basic vector. 

(a) (-5.6) (b) (3.-2.5) 

ERIC 



SELF-EVALUATION III (cont*) 

11. Determine the distance between the given points: 
(a) (3,-4,6), (-7,-2,0) (b) (-5,4,3), (6,-2,-5) 

* 

12. Determine the follolwng cross products: 

(a) (3,6) X (-5,4) (b) (-3,-5) x (1.-2) (c) (-5,6,3) x (7,-2,1) 

IF YOU HAVE MASTERED THE BEHAVIORAL OBJECTIVES, TAKE YOUR LAP TEST. 
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ADVANCED STUDY III 



1. a) Three men are using ropes to pull a log. The forces exerted by 
the men are SOi 60, and 90 pounds. If the angle between the 60 
pound force and the other two 1s 15^ • determine the magnitude 
of a single force that could replace them. 

b) When an object slides at a constant speed down a ramp, the force 
of friction opposes and Is exactly equal to the component of the 
weight of the object parallel to the plane. If the force of 
friction Is 68 pounds for an object with a weight of 350 pounds, 
what angle does the plane make with level ground? 

c) Two forces act on an object such that the angle between them 
Is 129^35'. If the magnitudes of the forces are 155 and 219 
pounds, what Is the magnitude of the resultant force? 



2. A vector space consists of the following: 

(a| a field F of scalars 

(b) a set V of objects called vectors 

(c) an operation, cabled vector additioii, wi;jich associates with ^ach 
pair^^of vectors v, u in V a vector v + u, called the sum of v 
and u in such a way that 

1) addition Is commutative, u^+ v,= v + u ^ ^ 

2) addition Is associative, (u + v) + w = u + (v + *w) 

3) therejs a unique vector o In V, called the zero vector, such 
that V + 0 = V for all V in V. ^ 

4) for e^ch vector v in V, there is a unique vector -v in V such 
that V + (-v) = 0. 

(d) an operation, called scalar niultipjil cation, which associates 
with each scalar c in F and vector v in V a vector cv in V, 
called the product of c 'Snd v, in such a way that: 

1) Iv = v^for ever.y; v in V 

2 (c,C2)y = Ci{C2VL 

3) c(r+ w) = cv «_^cw 

4) (Ci + C2)V = CiV + C2V 



If F is the set of real numbers and V is the set of two dimensional 
vectors, prove from this definition that they form a vector space. 



ADVANCED STUDY III (continued on the following page) 
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ADVANCED STUDY III (cont*) 



3. In the following^ the vectors are considered to be two dimensional. 
Prove five: 



Prove: |-v| « |v| for every vector v. 

Prove: |v| 2 0 for every vector v". 

Prove: |v| = 0 If and only If v » 0. 

Prove: If Vj « (a.b) and "9 » (b,a), then ■ jvzl . 

Prove: v and z have the same direction If and only If 

|v t| I v| + |t| . 

Prove: If v and t have opposite directions, then |v t| < |v| + |t| 

Prove: v Is perpendicular to t If and only If |v *t\ ■ |v - t|. 

Prove: (v - t) • (v + t) = |v|^ - |t|^ 

Prove: For any vectors v and t, v • t s |v| |t|. 



4. a) Determine the radius and the coordinates of the sphere (If any) 

whose equation Is given: 

1) + y2 + 2^ - 4x + 2y - 11 = 0 

2) + y2 + 2^ - 22 + 8y - 8 = 0 

3) x2 + y2 + 2? - 18x - 24y + 62 + 200 = 0 

4) x2 + y2 + 2^ - 2x + 4y - 6z + 14 « 0 

b] Find an equation of the locus of all points In space equidistant 
from: 

1) 0 (0,0,0), P (10,10,2) 

2) P (1,3,4), R (-3,5.0) 

5. a) Find three vectors t, v, and s such that: 

(t x v) x s ^ t x (v X s) 
b) Explain why the expression (t • v) x s has no meaning. 



ERIC 
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ADVANCED STUDY III (conf) 



Let P, Q, and R be points In three dimensional space. Prove 
that the area of the triangle PQR is given by: 

h (P - Q) X (S - Q) 



Let P, Q, and R be points in three dimensional space. Prove 
that the area of the parallelogram having P, Q, and R as throe 
consecutive vertices has area given by: 



(P - Q) X (R . Q) 
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